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ABSTRACT 

A p r a c t i c a l  optimum des ign   p rocedure  is  d e v e l o p e d   f o r   l i g h t l y   l o a d e d  
s h e l l s   o f   r e v o l u t i o n   o f   b o t h   s a n d w i c h   a n d   r i n g - s t i f f e n e d   c o n s t r u c t i o n .   F o r  
r i n g - s t i f f e n e d   s h e l l s ,   t h i s   p r o c e d u r e   e m p l o y s  a design  computer  program as 
well as she l l   p rebuck l ing   and   buck l ing   ana lys i s   p rog rams .   Spec i f i c   po in t  
d e s i g n s   f o r  120' t runca ted   cones  are ob ta ined   ove r  a w i d e   r a n g e   o f   c r i t i c a l  
p r e s s u r e   f o r  two b a s e   r a d i i .  The r e s u l t s  show t h a t   f o r  low l o a d i n g ,   r i n g -  
s t i f f e n e d   c o n s t r u c t i o n  is  more e f f i c i e n t   t h a n   s a n d w i c h   c o n s t r u c t i o n .  
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I 

STRUCTURAL  OPTIMIZATION  OF  SANDWICH AND 

RING-STIFFENED 120 DEGREE  CONICAL  SHELLS 

SUBJECTED TO EXTERNAL  PRESSURE 

by 

Gerald A.  Cohen 

St ruc tures   Research   Assoc ia tes ,   Newpor t   Beach ,   Cal i forn ia  

SUMMARY 

Optimum d e s i g n   p r o c e d u r e s   a r e   d e v e l o p e d   f o r   l i g h t l y   l o a d e d ,   b l u n t  
t r u n c a t e d   s h e l l s   o f   r e v o l u t i o n   o f   b o t h   s a n d w i c h   a n d   r i n g - s t i f f e n e d  
c o n s t r u c t i o n .  The p rocedures   deve loped   cons i s t   o f   an   i t e r a t ion   be tween  
d e s i g n ,   b a s e d   o n   c e r t a i n   a p p r o x i m a t i o n s ,   a n d   a n a l y s i s ,   e v a l u a t i n g   a n d  
modi fy ing   these   approximat ions .  The a n a l y s i s  i s  performed by e x i s t i n g  
she l l   p rebuckl ing   and   buckl ing   computer   p rograms.  The d e s i g n   s t e p   f o r  
r i n g - s t i f f e n e d   s h e l l s   n e c e s s i t a t e d   t h e   d e v e l o p m e n t  of a  new computer 
p r o g r a m .   T h i s   p r o g r a m   a l l o w s   v a r i a b l e   r i n g   s i z e   a n d   s p a c i n g   d i s t r i b u t i o n s ,  
a n d   t r a d e s   o f f   r i n g   w e i g h t   w i t h   s h e l l   s k i n   w e i g h t   t o   a c h i e v e  minimum t o t a l  
we igh t .  The o p t i m i z a t i o n  is  p e r f o r m e d   s u b j e c t   t o   t h e   c o n s t r a i n t s   n e c e s s a r y  
t o   i n s u r e   f a b r i c a t i o n   f e a s i b i l i t y .  

U s i n g   t h i s   i t e r a t i o n   p r o c e d u r e ,  optimum poin t   des igns   have   been  
ob ta ined   fo r   s andwich  and r i n g - s t i f f e n e d  120" t r u n c a t e d   c o n i c a l   s h e l l s  a t  
t h r e e   n o m i n a l   r a t i o s  of c r i t i c a l  p re s su re   t o   Young ' s   modu lus ,   v i z .   p /E  = 2 ,  
10,  and 50 x I n   o r d e r   t o   a s s e s s   t h e   e f f e c t   o f  minimum gage  con- 
s t r a i n t s ,   d e s i g n s   h a v e   b e e n   o b t a i n e d   € o r  two v a l u e s   o f   t h e   b a s e   r a d i u s ,  
57 i n .   a n d  114 i n .  Least s q u a r e   a l g e b r a i c   c o r r e l a t i o n s   h a v e   b e e n   f i t t e d  
t o   t h e   s a n d w i c h   c o n e   r e s u l t s ,   t h u s   m a k i n g   p o s s i b l e   i n t e r p o l a t i o n   b e t w e e n ,  
and   ex t r apo la t ion   beyond   t he   po in t   des igns   ob ta ined .  

R e s u l t s  a re  p r e s e n t e d   i n   t h e   f o r m  of curves   o f   d imens ionless   weight  
v e r s u s   d i m e n s i o n l e s s  c r i t i c a l  p re s su re   fo r   each   va lue   o f   t he   base   r ad ius .  
The   ma in   conc lus ion   t o   be   d rawn   f rom  these   r e su l t s  i s  t h a t  a t  low l o a d i n g  
r i n g - s t i f f e n e d   c o n s t r u c t i o n  i s  s t r u c t u r a l l y   s u p e r i o r ,   w h e r e a s  a t  r e l a t i v e l y  
h igh   l oad ing   s andwich   cons t ruc t ion  i s  s t r u c t u r a l l y   s u p e r i o r .   T h i s   c r o s s o v e r  
is c a u s e d   p r i m a r i l y  by minimum gage   cons t r a in t s ,   wh ich   impose ,   a t  low 
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SUMMARY 

Optimum d e s i g n   p r o c e d u r e s   a r e   d e v e l o p e d   f o r   l i g h t l y   l o a d e d ,   b l u n t  
t r u n c a t e d   s h e l l s   o f   r e v o l u t i o n   o f   b o t h   s a n d w i c h   a n d   r i n g - s t i f f e n e d  
c o n s t r u c t i o n .  The p rocedures   deve loped   cons i s t   o f   an   i t e r a t ion   be tween  
d e s i g n ,   b a s e d   o n   c e r t a i n   a p p r o x i m a t i o n s ,   a n d   a n a l y s i s ,   e v a l u a t i n g   a n d  
modi fy ing   these   approximat ions .  The a n a l y s i s  is  per formed  by   ex is t ing  
she l l   p rebuckl ing   and   buckl ing   computer   p rograms.  The d e s i g n  s t e p  f o r  
r i n g - s t i f f e n e d   s h e l l s   n e c e s s i t a t e d   t h e   d e v e l o p m e n t   o f  a new computer 
p r o g r a m .   T h i s   p r o g r a m   a l l o w s   v a r i a b l e   r i n g   s i z e   a n d   s p a c i n g   d i s t r i b u t i o n s ,  
a n d   t r a d e s   o f f   r i n g   w e i g h t   w i t h   s h e l l   s k i n   w e i g h t   t o   a c h i e v e  minimum t o t a l  
we igh t .  The o p t i m i z a t i o n  is p e r f o r m e d   s u b j e c t   t o   t h e   c o n s t r a i n t s   n e c e s s a r y  
t o   i n s u r e   f a b r i c a t i o n   f e a s i b i l i t y .  

U s i n g   t h i s   i t e r a t i o n   p r o c e d u r e ,  optimum po in t   des igns   have   been  
ob ta ined   fo r   s andwich   and   r i ng - s t i f f ened   120"   t runca ted   con ica l   she l l s  a t  
t h r e e   n o m i n a l   r a t i o s  of c r i t i c a l  p r e s s u r e   t o  Young's  modulus,  viz.  p/E = 2 ,  
10, and 50 x I n   o r d e r   t o  assess t h e   e f f e c t   o f  minimum gage  con- 
s t r a i n t s ,   d e s i g n s   h a v e   b e e n   o b t a i n e d   f o r  two v a l u e s   o f   t h e   b a s e   r a d i u s ,  
57 in .   and  114 i n .  Least s q u a r e   a l g e b r a i c   c o r r e l a t i o n s   h a v e   b e e n   f i t t e d  
t o   t h e   s a n d w i c h   c o n e   r e s u l t s ,   t h u s   m a k i n g   p o s s i b l e   i n t e r p o l a t i o n   b e t w e e n ,  
and   ex t r apo la t ion   beyond   t he   po in t   des igns   ob ta ined .  

R e s u l t s  are p resen ted   i n   t he   fo rm  o f   cu rves   o f   d imens ion le s s   we igh t  
v e r s u s   d i m e n s i o n l e s s  c r i t i c a l  p r e s s u r e   f o r   e a c h   v a l u e   o f   t h e   b a s e   r a d i u s .  
The   ma in   conc lus ion   t o   be   d ravn   f rom  these   r e su l t s  i s  t h a t  a t  low  loading 
r i n g - s t i f f e n e d   c o n s t r u c t i o n  is s t r u c t u r a l l y   s u p e r i o r ,   w h e r e a s  a t  r e l a t i v e l y  
h igh   loading   sandwich   cons t ruc t ion  i s  s t r u c t u r a l l y   s u p e r i o r .   T h i s   c r o s s o v e r  
is  caused   p r imar i ly  by  minimum gage   cons t ra in ts ,   which   impose ,  a t  101-7 
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l o a d i n g ,  a g r e a t e r   l i m i t a t i o n   o n   s a n d w i c h   c o n s t r u c t i o n   t h a n   o n   r i n g -  
s t i f f e n e d   c o n s t r u c t i o n .  As an   example ,   for   a luminum  cons t ruc t ion   the  
c r o s s o v e r   p r e s s u r e s  are 8 . 9   a n d   1 8 . 9   p s i   f o r   t h e  114 and 57 i n c h  base 
r a d i i ,   r e s p e c t i v e l y .  

INTRODUCTION 

Reference  1 p r e s e n t s   t h e   r e s u l t s   o f   a n   a n a l y s i s   o f   t h e   b u c k l i n g  
s t r e n g t h   o f  two 120° t r u n c a t e d   c o n i c a l   s h e l l s   d i f f e r i n g   i n  w a l l  c o n s t r u c t i o n ,  
one   be ing   o f   s andwich   cons t ruc t ion   and   t he   o the r   o f   r i ng   s t i f f ened  
c o n s t r u c t i o n . '  The s h e l l s  were designed  for   equal   weight   and  had  dimensions 
t y p i c a l   o f  a p l a n e t a r y   e n t r y   c a p s u l e .  The r e s u l t s   i n d i c a t e d   t h a t   t h e  
sandwich wall can   w i ths t and   rough ly  50% more p r e s s u r e ,   a l t h o u g h   r e q u i r i n g  
a somewhat h e a v i e r   b a s e   r i n g   t o   a c h i e v e   t h i s   s u p e r i o r i t y .  The two des igns  
considered,   however ,  are nonoptimum,  and i t  is t h e r e f o r e   d e s i r a b l e   t o  
r e - e v a l u a t e   t h e s e  two impor t an t   t ypes   o f   cons t ruc t ion  when both are  
s t r u c t u r a l l y   o p t i m i z e d .  

P rev ious   a t t empt s  a t  optimum d e s i g n   o f   s t i f f e n e d   c o n i c a l   s h e l l s  are 
p r e s e n t e d   i n   R e f e r e n c e s  2 and 3 .  Both  of   these  s tudies   were  based  on 
h y d r o s t a t i c   p r e s s u r e   l o a d i n g   a n d   t r e a t e d   p r i m a r i l y   r e c t a n g u l a r   i n t e r i o r  
r i n g s  of cons t an t   c ros s   s ec t ion .   Ne i the r   t he   necessa ry   edge   suppor t   no r  
t h e   c o n s t r a i n t s  imposed  by m a n u f a c t u r i n g   l i m i t a t i o n s  were cons ide red .  The 
e s s e n t i a l   d i f f e r e n c e   b e t w e e n   t h e s e  two s t u d i e s  is  t h a t   i n   R e f e r e n c e  2 on ly  
e q u a l l y   s p a c e d   r i n g s  were cons idered ,   whereas   in   Reference  3 prechosen 
v a r i a b l e   s p a c i n g  laws were cons  idered.  

I n   t h i s   p a p e r   p r a c t i c a l  optimum d e s i g n   p r o c e d u r e s   f o r   l i g h t l y   l o a d e d  
sandwich  and  r ing-st i f fened  cones are  developed. The des ign   o f   t he   r i ng -  
s t i f f ened   cones   r equ i r ed   t he   deve lopmen t   o f  a design  computer  program, 
which  incorporates   and  extends some of the   bas i c   i deas   o f   Re fe rences  2 and 
3 .  I n   t h e   d e v e l o p m e n t   o f   t h i s   p r o g r a m ,   s u f f i c i e n t   g e n e r a l i t y  was r e t a i n e d  
so t h a t  i t  may be  used  for   more  general   shel ls   of   revolut ion.   These  methods 
were a p p l i e d   i n   R e f e r e n c e s  4 and 5 t o   s p e c i f i c   p o i n t   d e s i g n s  of Mars e n t r y  
capsu le s   o f   va r ious   geomet r i ca l   shapes ,   i nc lud ing  120' c o n e s ,   f o r   o n e   s i z e  
a n d   a e r o d y n a m i c   p r e s s u r e   d i s t r i b u t i o n .   I n   t h i s   p a p e r   t h e   r a n g e s   o f   l o a d i n g  
and s i z e   c h o s e n   i n c l u d e   t h e   p r o b a b l e   r a n g e s   o f   t h e s e   p a r a m e t e r s   t o   b e  
encountered by p r a c t i c a l  Mars e n t r y   c a p s u l e s .  
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SYMBOLS 

A 

d r 

E 

e 

f R  

h 

hl 

I 

I e 

r i n g   s e c t i o n   a r e a ,   i n . 2 ;   o r   s t r i n g e r   s e c t i o n   a r e a ,  
i n .  2 

g e n e r a l   i n s t a b i l i t y   c o r r e l a t i o n   f a c t o r  

s h e l l   f l e x u r a l   r i g i d i t y ,   l b - i n .  

l o c a l   v a l u e   o f   i n t e r i o r   r i n g   s p a c i n g ,   i n .  

r i v e t   d i a m e t e r ,   i n .  

Young’s  modulus,   psi  

e c c e n t r i c i t y  of c e n t r o i d   o f   r i n g - s h e l l   c o n p o s i t e   w a l l  
f rom  the   midd le   su r f ace   o f   she l l   sk in ,   i n .  

r i v e t e d   f l a n g e   w i d t h  , i n .  

t h i c k n e s s   o f   Z - s e c t i o n   i n t e r i o r   r i n g ,  in.  

v a l u e   o f   h   d e f i n e d   i n   F i g u r e  3,  i n .  

r i n g   s e c t i o n  moment of i n e r t i a ,   i n . 4  

i n t e r i o r   r i n g   s e c t i o n  moment o f   i n e r t i a   a b o u t  
cen t ro id   o f   compos i t e  wall, i n .  4 

maximum va lue  of T ;  or compressive stress c o e f f i c i e n t  

m e r i d i o n a l   l e n g t h   o f   t r u n c a t e d   s h e l l ,   i n .  

i d e a l   c r o s s   s e c t i o n   p e r i m e t e r   o f   Z - s e c t i o n   i n t e r i o r  
r i n g ,   i n .  

va lue   o f  a d e f i n e d   i n   F i g u r e  3 ,  i n .  

number o f   i n t e r i o r   r i n g s  
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N circumferential  harmonic  number 

n 

P 

P 

R 

r 

S 

T 

T 
9 
t 
- 
t 

w 

2 

number of stringers 

axial  load, lb 

(critical)  pressure,  psi 

radius  of  curvature,  in. 

radial  distance  from  axis  of  revolution,  in. 

meridional  distance  from  small  edge  of  shell 

(critical)  shell  stress  resultant,  lb/in. 

(critical)  ring  stress  resultant,  lb 

shell  or  edge  ring  thickness, in. 

minimum of t and h, in. 

structural  weight, lb 

normal  deflection  of  buckling  mode,  in. 

axial  and  radial  coordinates,  respectively; or 
sandwich  shell  correlation  parameters;  or  interior 
ring  and  stringer  parameters 

geometrical  factor  for  axial  force  equilibrium,  in. 

cone  half-angle,  deg 

sandwich  shell  instability  correlation  constants 

. 
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A 

E 

n 

'I 

S u b s c r i p t s :  

a 

b 

C 

C Y  1 

d 

i n c r e a s e  i n  r i v e t e d   f l a n g e   w i d t h  of i n t e r i o r   r i n g  
n e c e s s a r y   t o  accommodate a r i ve t ,  i n .  

i n c r e m e n t   i n   m e r i d i o n a l  stress r e s u l t a n t   d u e   t o  
s t r i n g e r s ,   l b / i n .  

s t r a . i n  

r e l a t i v e   i n c r e a s e   i n  hoop f l e x u r a l   r i g i d i t y   d u e  tc 
r i n g   s t i f f e n i n g  

l o a d   f a c t o r  

s u r f a c e   d e n s i t y  of  sandwich   cone   adhes ive ,   lb / f t  
2 

P o i s s o n ' s   r a t i o  

d e n s i t y ,   l b l i n .  

( c r i t i c a l )  s t r e s s ,  p s i  

3 

v a l u e   a t   s m a l l  end of s h e l  

v a l u e   a t   l a r g e  end of s h e l  

p e r t a i n i n g   t o   s a n d w i c h   c o r e ;   o r   c r i t i c a l   v a l u e  

p e r t a i n i n g  t o  t h e   c y l i n d r i c a l   e l e m e n t  of  sandwich 
s h e l l   n o s e   r i n g s  

des ign   va lue  

5 



f p e r t a i n i n g   t o   s a n d w i c h   f a c e   s h e e t  

f l  p e r t a . i n i n g   t o   t h e   r a d i a l   f l a n g e   o f   s a n d w i c h   s h e l l  
n o s e   r i n g s  

min minimum gage 

0 c r i t i c a . 1   v a l u e   f o r   p u r e   h y d r o s t a t i c   o r   a x i a l   l o a d i n g  

R p e r t a i n i n g   t o   a n   i n t e r i o r   r i n g  

S p e r t a i n i n g   t o  a. s t r i n g e r  

wash p e r t a i n i n g   t o   t h e   w a s h e r   p l a t e   e l e m e n t   o f   r i n g -  
s t i f f e n e d   s h e l l   n o s e   r i n g s  

1 mer id  iona.1  component 

2 c i rcumferent ia l   component  

S u p e r s c r i p t s :  

(-1 ave rage   va lue  

DESIGN SPECIFICATIONS 

The s t r u c t u r a l   d e s i g n s   o b t a i n e d   a , r e   s u b j e c t   t o   s e v e r a l   d e s i g n  
s p e c i f i c a t i o n s ,   w h i c h ,   i n   e f f e c t ,   d e f i n e   t h e   p r o b l e m   t r e a t e d .  

Geometry,   Loading,  and  Ma.teria1  Considerations 

The ba . s ic   conf igura . t ion   cons idered  i s  a 120 f u l l   a n g l e   c o n i c a l  
s h e l l   t r u n c a t e d  a t  a r a d i u s   e q u a l   t o   1 f 3   o f   t h e   b a s e   r a d i u s ,   a n d   l o a d e d  by 
a. u n i f o r m   e x t e r n a l   p r e s s u r e   a p p l i e d   t o  i t s  l a t e r a l   s u r f a c e   ( F i g u r e   1 ) .  
The a x i a l   r e s u l t a n t   o f   t h i s   l o a d i n g  is  r e a c t e d  by a c i r c u l a r   l i n e   l o a d  
( = 4 p r b / 3 )   a p p l i e d   a t   t h e   c e n t r o i d a l   a x i s   o f   a n   a t t a c h m e n t   ( n o s e )   r i n g  
suppor t ing   t he   sma l l   edge   o f   t he   she l l .   The re  i s  a l s o  a t u b u l a r   b a s e  
r i n g ,   s u p p o r t i n g   t h e   l a r g e   e d g e   o f   t h e   s h e l l ,   w h i c h  i s  f r e e  o f   e x t e r n a l  
1oa.d.  Both n o s e   a n d   b a s e   r i n g s   a r e   a t t a . c h e d   i n t e r n a l l y   t o   t h e   s h e l l .  
Each  design i s  a.ssumed to   be  fa .br ica . ted  f rom a s i n g l e  homogeneous m a t e r i a l  
f o r   w h i c h   P o i s s o n ' s   r a t i o  i s  0.3. 

0 
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Shell  Wall  Construction 

Two types  of wall  construction  are  treated,  honeycomb  sandwich  and 
internally  ring-stiffened  monocoque. 

Honeycomb  sandwich  wall.- The honeycomb  sandwich  wall  is  assumed  to 
be  symmetrical,  i.e.,  having  equal  thickness  face  sheets,  with  uniform 
face  sheet  and  core  thicknesses.  The  core  density  is  assumed to be  three 
percent  of  the  density p of  the  face  sheet  materia.1. 

Ring-stiffened  wall.- In this  case  the  shell  skin  thickness  is 
assumed  to  be  uniform  but  interior  ring  size  and  spacing  are  variable. 
The  interior  rings  are  2-section  rings,  each  being of uniform  thickness. 

Range  of  Parameters 

Three  nominal  dimensionless  buckling  pressures,  viz.  p/E x lo7 = 2, 
10, and 50 are  considered.  Because  of  the  possibility  of  optimum  designs 
lying  on  minimum  gage  constraint  boundaries,  two  base  radii  are  considered, 
viz.  57  in.  and 114 in.  Minimum  gages  assumed  are:  0.016  in.  for  sand- 
wich  face  sheets  and  skin  of  ring-stiffened  shells, 0.032 in.  for  the 
wall  of  tubular  base  rings,  0.010  in.  for the wall  of Z-section  interior 
rings, and  0.125  in.  diameter  for  interior  ring  attachment  rivets. 

METHOD OF STRUCTURAL SYNTHESIS 

Design-Analysis  Iteration  Procedure 

A practical  design  optimization  procedure  was  developed  €or  sandwich 
and  ring-stiffened  shells  of  revolution.*  In  this  procedure,  the  design 
of  the  structure is coupled  iteratively  with  an  elastic  stability  analysis 
of the  design.  Thus,  structural  weight  is  minimized  with  respect  to 
buckling  failure,  as  opposed  to a  stress  failure.  This  is  in  accordance 
with  the  fact  that, in general,  for  lightly  loaded  shells  the  critical 
mode  of  failure  is  buckling. 

The  iteration  procedure  is  illustrated  schematically  in  Figure 2. In 
this  chart,  dashed  arrows  represent  return  paths  of  iteration  loops.  Boxes 
bordered  with  heavy  lines  represent  steps  using  computer propams. The 

* Although  this  study is concerned  with  cones,  the  design  procedure  may 
be applied  to  more  general  shells  of  revolution  (see  Refs. 4 and 5). 

”~ 
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group of boxes   l y ing   w i th in   t he   b roken   do t -dash   bo rde r   r ep resen t s   t he  
d e s i g n  of t h e   s h e l l   i n t e r i o r  ( i .e. ,  exc lus ive   o f   t he   nose   and   base   r i ng ) .  
As shown, t h i s   g r o u p   a p p l i e s   o n l y   t o   r i n g - s t i f f e n e d   c o n s t r u c t i o n .   F o r  
sandwich  cones i t  is replaced   by  a manua l   des ign   s t ep .  The s h e l l   d e s i g n  
s t e p   f o r   b o t h   c o n s t r u c t i o n s  is d i s c u s s e d   f u r t h e r   b e l o w .  

Base Ring  Design 

P r e v i o u s   s t u d i e s   ( R e f s .  1 and 6) have shown t h a t   t h e   f u n c t i o n   o f   e d g e  
r i n g s   f o r   c o n i c a l   a n d   c y l i n d r i c a l   s h e l l s   o f   r e v o l u t i o n  i s  t o   s u p p r e s s   i n -  
e x t e n s i o n a l   b u c k l i n g ,   f o r   w h i c h  N = 2 is  t h e   c r i t i c a . 1   h a r m o n i c .  The 
fo l lowing   a .dd i t i ona .1   r e su l t s ,   demons t r a . t ed   i n   Re fe rence  1 f o r   b l u n t   c o n i c a l  
s h e l l s ,   h a v e   b e e n   f o u n d   t o   b e   v a l i d   f o r  more g e n e r a l   s h e l l s   o f   r e v o l u t i o n  
(Refs .  4 and 5 ) .  T h e r e   e x i s t s  a c r i t i c a l   h a r m o n i c  Nc > 2 for   which   the  
c r i t i c a l  1oa.d a . t t a i n s  a. r e l a . t i v e  minimum. I n   t h i s   b u c k l i n g  mode t h e r e  i s  
r e l a t i v e l y  l i t t l e  de fo rma . t ion   a . t   t he   she l l   edges .   The re fo re ,   t he   co r re s -  
p o n d i n g   c r i t i c a l   l o a d  i s  i n s e n s i t i v e   t o   t h e   s t i f f n e s s   o f   e d g e   r i n g s .  On 
t h e   o t h e r   h a n d ,   f o r   e d g e   r i n g s   o f   i n s u f f i c i e n t   s t i f f n e s s   t h e   c r i t i c a l   l o a d  
a t t a i n s   a n   a b s o l u t e  minimum f o r  N = 2 ,  t h i s  mode b e i n g   e s s e n t i a l l y  
inex   t ens   i ona  1. 

F o r   b l u n t   t r u n c a t e d   s h e l l s   o f   r e v o l u t i o n   h a v i n g  a n o s e   r i n g   a t t a c h e d  
a t   t h e   s m a l l  end  and a b a s e   r i n g   a t t a c h e d   a t   t h e   l a r g e   e n d ,   l a r g e   b u c k l i n g  
d e f o r m a t i o n s   o c c u r   a t   t h e   b a s e   r i n g   i n   t h e  N = 2 mode. T h e r e f o r e ,   t h e  
c o r r e s p o n d i n g   c r i t i c a l   l o a d - i s   n o t  a s t r o n g   f u n c t i o n   o f   t h e   n o s e   r i n g  
s t i f f n e s s   b u t  is  d i r e c t l y   r e l a t e d   t o   t h e   b a s e   r i n g   s t i f f n e s s .   I n   f a c t ,  
f o r   t u b u l a r   b a s e   r i n g s ,   w h i c h   a r e  assumed f o r   t h i s   s t u d y ,   t h i s   c r i t i c a l  
load  i s  a p p r o x i m a t e l y   p r o p o r t i o n a l   t o   t h e   f l e x u r a l   r i g i d i t y   o f   t h e   b a s e  
r i n g .  I t s  e x t e n s i o n a l   r i g i d i t y   h a s  l i t t l e  e f f e c t   s i n c e   t h e r e  i s  n e g l i g i b l e  
e x t e n s i o n   i n   t h i s   b u c k l i n g  mode. 

Thus a t  low v a l u e s   o f   t h e   f l e x u r a l   r i g i d i t y   ( E I )   o f   t h e   b a s e   r i n g ,   t h e  
s h e l l   b u c k l e s  a t  l o w   l o a d   i n t o   t h e  N = 2 mode. A s  E1 is i n c r e a s e d ,   t h e  mode 
s h a p e   r e m a i n s   e s s e n t i a l l y   u n a l t e r e d ,   b u t   t h e   b u c k l i n g   l o a d   i n c r e a s e s   i n   t h e  
same p r o p o r t i o n   u n t i l   t h e  c r i t i c a l  l o a d   f o r   t h e  N = 2 mode e q u a l s   t h e  c r i t -  
i c a l  l o a d   f o r   t h e  N = Nc mode. F u r t h e r   i n c r e a s e s   i n  E1 are i n e f f e c t u a l   s i n c e  
h e n c e f o r t h   t h e   s h e l l   b u c k l e s   i n   t h e  N = N mode,  which is una f fec t ed   by   t he  
b a s e   r i n g .   T h i s   b e h a v i o r   s u g g e s t s   t h a t   t f i e  base r i n g   f l e x u r a l   r i g i d i t y  
should   be   chosen  so t h a t   t h e  c r i t i c a l  l o a d s   c o r r e s p o n d i n g ' t o  N = 2 and 
N = N are  equa l .  As i nd ica t ed   by  Box F of   F igure  2 ,  t h i s   c r i t e r i o n  i s  
i n c o r p o r a t e d   i n t o   t h e  optimum des ign   p rocedure .  C 

1 n . o r d e r   t o   a c h i e v e  a minimum w e i g h t   t u b u l a r   b a s e   r i n g  i t  i s  
d e s i r a . b l e   t o   h a v e   a s   l a r g e  a. r a t i o   o f   t u b e   r a d i u s   t o   t h i c k n e s s   a . s  
p o s s i b l e .   T h i s   r a t i o  i s  l i m i t e d   b y   e i t h e r  
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1) local instability  of  the  tube wall (for  moderately  loaded 

2)  local  distortion  of  the  tube  cross  section  at  the  shell 

3) minimum  gage. 

rings) , 
interface  (for  lightly  loaded  rings),  or 

Initially,  the  tube R/t was determined so that  at  the  design  load  the 
tube  becomes  locally  unstable.  For  this  calculation,  the  maximum  combined 
hoop  compressive  stress  in  the  tube  was  assumed  to  be  uniformly  distributed, 
and  the axial  stress  buckling  criterion  for  moderately  long  cylindrical 
shells  of  Reference 7 was applied.  However,  if  this  computed  value  is  too 
large,  one  can  expect  that  the  tube  will  cease  to  behave  in  accordance 
with  ring  theory,  which  treats  the  cross  section  as  a  rigid  element.  If 
this  occurs,  the  ring  flexural  rigidity  required  to  suppress  the N = 2 
buckling  mode  will  not  be  achieved.  In  order  to  avoid  this  possibility, 
a  limit  of  R/t = 125  was  imposed. An additional  constraint  on  R/t  is 
provided  by  the  requirement  of  minimum  gage  for  the  tube wall, taken  to 
be 0.032 in.,  and  the  required  moment  of  inertia  of  the  tube  section. 

Nose  Ring  Design 

In contrast  to  the  large  deformations  which  occur  at  the  base  ring  in 
the N = 2  mode  of  buckling,  this  mode  has  typically  small  deformations  at 
the nose  ring.  Hence,  for  practical rings, the  nose  ring  stiffness  has 
negligible  effect OE the  shell  buckling  load.  Since  the  nose  ring  is 
typically  in  a  state  of  hoop  tension,  its  design  is  based  on  considerations 
of stress,  fabrication, and  local  buckling  due  to  axial  compression. 

Two  types  of  nose  rings  are used, one  for  the  sa'ndwich  shells  and  the 
other  for  the  ring-stiffened  shells.  These  are  illustrated  in  Figure 1. 

Sandwich  shell  nose  ring.-  It  is  assumed  that  the  axial  reaction 
force-of  the  external  pressure  is  uniformly  distributed  over a 0.20 in. 
width centered  at  the  midpoint  of  the  radial  flange  of  the  nose  ring  (Fig. 1). 
The thickness t is  designed  for  incipient  local  buckling  of  the  two 

inch  cylindrical  element,  treated as a  wide  column,  at  the  nominal  design 
pressure. The thickness t is  designed  for  a  maximum  dimensionless 
bending  stress (a/E) of 0.007 in  the  radial flange, treated  as a cantilever 
beam. For either  thickness a minimum  gage  limit  of 0.050 in. was  imposed. 

CY 1 

fl 

Ring-stiffened  shell  nose  ring.- It is  assumed  that  the  axial  reaction 
force  of  the-  external  pressure  is  uniformly  distributed  over  the  full 
radial  element of the  ring. The section  modulus  of  the  radial  element, 
treated as  a simply  supported beam, is  designed  for  a  maximum  bending 
stress (a/E) of 0.007. For  reasons  of  fabrication  feasibility,  the  neces- 



s a r y  section modulus i s  assumed t o  be prov ided   by   t he   combina t ion   o f   t he  
uni form  th ickness  t o f   t he   r i ng   and  a one   i nch   w ide   washe r   p l a t e  of t h i c k -  
n e s s  t ( a l s o   h a v i n g   t h e  maximum stress a / E  - .007) i n   c o n t a c t   w i t h   t h e  
r a d i a l  efement. As is seen i n   F i g u r e  1 , a w a s h e r   p l a t e  w a s  employed i n  
on ly  two o f   t h e   s i x  cases. In t h e   b u c k l i n g   a n a l y s i s   o f   t h e   s h e l l   t h e  
s t i f f n e s s   c o n t r i b u t i o n   o f   t h e   w a s h e r   p l a t e  was neg lec t ed ,   whereas  i t s  
weight  i s  i n c l u d e d   i n   t h e   s t r u c t u r a l   w e i g h t s   p r e s e n t e d .  

wa h 

S h e l l   D e s i g n  

A s  n o t e d   e a r l i e r ,   t h e   p a y l o a d   a n d   b a s e   r i n g   h a v e   n e g l i g i b l e   e f f e c t   o n  
t h e   c r i t i c a l   l o a d   o f   t h e   s h e l l   f o r  N = N, > 2 .  On t h e   o t h e r   h a n d ,   f o r  a 
g i v e n   s h e l l   s t r u c t u r e ,   t h e  N = 2 c r i t i c a l   l o a d  i s  e f f e c t i v e l y   c o n t r o l l e d  by 
the   base   r i ng .   These   f ac t s   a l l ow  the   decoup l ing   o f   t he   des ign  of t h e   s h e l l ,  
exc luding   the   end   r ings ,   f rom  the   des ign  of t he   r i ngs   t hemse lves .  The pro- 
cedure   then  is  t o  d e s i g n   t h e   s h e l l   i n t e r i o r  so  t h a t  i t s  c r i t i c a l   l o a d   f o r  
N = N, i s  the   des ign   load .   This   p rocedure ,  shown ins ide   t he   b roken   do t -dash  
border   o f   F igure  2 ,  i s  d e s c r i b e d   i n   t h e   f o l l o w i n g   s e c t i o n s   f o r   t h e  two wall 
c o n f i g u r a t i o n s .   A f t e r   t h i s   d e s i g n  i s  a c h i e v e d ,   t h e   b a s e   r i n g  i s  des igned  
i n   a c c o r d a n c e   w i t h   t h e   p r i n c i p l e s   s t a t e d   e a r l i e r .  

Sandwich  cones.- The d e s i g n   s t e p   f o r   t h e   s a n d w i c h   c o n e s   c o n s i s t s   o f  a 
d e t e r m i n a t i o n   o f   t h e   c o r e   d e p t h  t and f a c e   s h e e t   t h i c k n e s s  t of   the  
symmetrical sandwich wall. The f g l l o w i n g  two c o n d i t i o n s ,   t h e   s e c o n d  of 
which may be   ove r r iden  by t h e  minimum g a g e   c o n s t r a i n t  tf F tf*, are 
imposed  on t h e s e   v a r i a b l e s :  

f 

1) C r i t i c a l   p r e s s u r e   l e v e l   f o r   Z e n e r a l   i n s t a b i l i t y   e q u a l s   t h e  

2 )  Equal  weights  of material i n   c o r e   a n d   f a c e   s h e e t s .  
des ign   p re s su re ,   and  

Condi t ion  (1) i s  based  on a g e n e r a l   i n s t a b i l i t y   c o r r e l a t i o n   o b t a i n e d  
f o r  a combined loading  of  a u n i f o r m   h y d r o s t a t i c   p r e s s u r e   a n d   a n   a x i a l  
t e n s i o n   e q u a l   t o   t h e   r e s u l t a n t   o f   t h e   h y d r o s t a t i c   p r e s s u r e   a c t i n g  on t h e  
c a p s u l e   b a s e .   F o r   t h i s   c o r r e l a t i o n ,   t h e   f o l l o w i n g   l i n e a r   i n t e r a c t i o n  
formula,   based on t h e   r e s u l t s   o f   R e f e r e n c e  8 ,  was used.  

S u b s t i t u t i o n  of t h e   c r i t i c a l  
f o r  a sandwich  cone,   v iz .  

P O  
= 

P =  
0 

- .65 P/Po 1 (1) 

h y d r o s t a t i c   p r e s s u r e   a n d   c r i t i c a l   a x i a l   l o a d  

4 . 2  E t f t c 1 * s / L & 1 * 5  

13.2 E t  t cos2a f c  
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a n d   t h e   r e l a t i o n  P = ITr 2 p   i n t o  Eq. ( 1 )   g i v e s   t h e   r e l a t i o n  b 

where y = 4.2 rb2*5/Lg21*5 

and K = .155 y/cos2a 

F o r   t h e   s p e c i f i e d   s h e l l   g e o m e t r y ,  y = 3.54 and K = 2 .2 .   Us ing   t hese   va lues  
a n d   i n s e r t i n g  a c o r r e l a t i o n   f a c t o r  C i n  Eq.  (2)  gives 

Condi t ion  (2 )  i s  based  on a s l i g h t   m o d i f i c a t i o n   o f   a n   e l e m e n t a r y   m i n i -  
m i z a t i o n   o f   t h e   s h e l l   s u r f a c e   d e n s i t y ,   2 t  o + t c p c ,  s u b j e c t   t o   t h e   b u c k l i n g  
c o n s t r a . i n t   f o r   h y d r o s t a t i c   p r e s s u r e ,  tftc5*f = c o n s t a n t .   T h i s   r e s u l t s   i n  
an optimum c o r e   w e i g h t   t o   f a c e   s h e e t   w e i g h t   r a t i o   o f  1 .5 .  Condi t ion  ( 2 )  i s  
a more p r a c t i c a l   d e s i g n   c o n d i t i o n   i n   t h a t  i t  r e s u l t s   i n   t h i c k e r   f a c e   s h e e t s ,  
lower stresses a.nd i n   d e s i g n s   t h a t   a r e  l ess  a f f e c t e d  by t r a n s v e r s e   s h e a r  
deformat ions .   The   theore t ica l   weight   pena l ty   incur red   by   us ing   Condi t ion  
(2) i s  o n l y  2%. 

For   an  assumed  value  of  p , / p f  ( i n   t h i s   s t u d y ,  p c / p f  = .03 was used)  

Cond i t ion  ( 2 )  t r a n s l a t e s   i n t o  a known value,  s ay  T, of t / t  ( i . e . ,  
T = p C / 2 p f ) .   S u b s t i t u t i n g   t h i s   r e l a t i o n   i n t o  Eq. ( 3 )  t o   e l i m i n a t e  
tf g i v e s  

f c  

t c / rb  = .603 ( p / c E ~ ) - ~ [ l  - 2 . 2 ( t c / r b ) ' 5 1 ' 4  ( 4 )  

For a g i v e n   c o r r e l a t i o n   f a c t o r  C ( e s t ima ted   f rom  the   r e su l t s   o f   t he  
p r e v i o u s   i t e r a t i o n ,  see F ig .  1) Eq. ( 4 )  is s o l v e d   n u m e r i c a l l y   f o r  t and 
hence t I f ,   h o w e v e r , t   t u r n s   o u t   t o   b e  less t h a n   t h e  minimum gage t 

C '  

f '  f f*' 
t h e n  t i s  set  e q u a l   t o  t * and t recomputed  from Eq. ( 3 ) .  f f C 

R ing- s t i f f ened   she l l s . -   Whereas   t he   des ign   s t ep   fo r   s andwich   cones  
i s  r e l a t ive ly   s imp le   and   pe r fo rmed   manua l ly ,   t he   co r re spond ing   s t ep   fo r  
r i n g - s t i f f e n e d   c o n e s   r e q u i r e d   t h e   d e v e l o p m e n t   o f  a design  computer  
program. 
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I n   o r d e r   t o   r e t a i n  as much g e n e r a l i t y  as p o s s i b l e ,   t h e   s h e l l   g e o m e t r y  
accepted   by   the   p rogram is n o t   r e s t r i c t e d  t o  c o n e s .   I n s t e a d ,   b l u n t  
t r u n c a t e d   s h e l l s   o f   r e v o l u t i o n  of gene ra l   rne r id iona l   shape  are t r e a t e d  
(see Refs .  4 and 5 ,  where t h e   a p p l i c a t i o n   o f   t h i s   p r o g r a m  t o  t e n s i o n  
s h e l l s  is r e p o r t e d ) .  

I n  some c a . s e s   s t r i n g e r s  a re  i n c o r p o r a t e d   i n t o  a d e s i g n   t o   s u p p r e s s  
excess ive   p rebuckl ing   deforma. t ions .  The s t r i n g e r s   a r e   n o t   s u b j e c t   t o  
l o c a l   i n s t a b i l i t y   b e c a u s e   t h e y   a r e   i n   t e n s i o n .   S i n c e  a r e l a t i v e l y   s m a l l  
w e i g h t   o f   s t r i n g e r s  i s  u s u a l l y   s u f f i c i e n t ,   s t r i n g e r   p r o p e r t i e s  a re  n o t  
o p t i m i z e d ,   b u t   a r e   t r e a t e d  a.s known d a t a  by the  design  program. 

The d e s i g n   v a r i a b l e s   c o n s i d e r e d   b y   t h e   p r o g r a m  are:  

1) S h e l l  wall thickness   (assumed  uniform),  
2 )  R i n g   l o c a t i o n s ,  
3 )  Ring   c ros s - sec t iona l   l eng ths   ( a s suming   un i fo rm  th i ckness  

Z - s e c t i o n   i n t e r i o r   r i n g s   w i t h  a nominal  web-to-flange 
w i d t h   r a t i o   o f  2.5*), and 

4 )  Ring   c ros s - sec t iona l   t h i cknesses .  

Thus a t o t a l  of 3 M  + 1 v a r i a b l e s  are  considered  where M i s  t h e  number  of 
r i n g s   r e q u i r e d .  The f o l l o w i n g   c o n d i t i o n s  are imposed   on   these   var iab les :  

1) Cr i t ica l  p r e s s u r e   f o r   g e n e r a l   i n s t a b i l i t y   e q u a l s   t h e  

2 )  C r i t i ca l  p r e s s u r e   f o r   i n s t a b i l i t y   o f   s h e l l   h a y s   b e t w e e n  

3)  Cr i t i ca l  p r e s s u r e   f o r   l o c a l   i n s t a b i l i t y  o f   e a c h   i n t e r i o r  

4 )  Relative i n c r e a s e   ( d u e   t o   s t i f f e n i n g )   i n   t h e   l o c a l  hoop 

d e s i g n   p r e s s u r e ,  

r i n g s   e q u a l s   d e s i g n   p r e s s u r e ,  

r i n g   e q u a l s   d e s i g n   p r e s s u r e ,   a n d  

f l e x u r a l   r i g i d i t y   o f   t h e   c o m p o s i t e   s h e l l  wall i s  p r o p o r t i o n a l  
t o   t h e   n o r m a l   d e f l e c t i o n   o f   t h e   g e n e r a l   i n s t a b i l i t y  mode. 

Condi t ion  (1)  is b a s e d   o n   t h e   g e n e r a l   i n s t a b i l i t y   c o r r e l a t i o n   f o r  
r i n g - s t i f f e n e d   c o n i c a l   s h e l l s   u n d e r   u n i f o r m   h y d r o s t a t i c   p r e s s u r e   o b t a i n e d  
by  Baruch  and  Singer   (Ref .   lo) .   This   correlat ion,   however ,  is based  on 
u n i f o r m   r i n g   s i z e   a n d   s p a c i n g .   F o r   t h e   p u r p o s e   o f  optimuni d e s i g n  i t  was 
g e n e r a l i z e d   b y   r e p l a c i n g   t h e  re la t ive i n c r e a s e  rl i n  hoop f l e x u r a l   r i g i d i t y  
o f   t h e   c o m p o s i t e   s h e l l  wall due t o   t h e   r i n g s  by   a .we igh ted   ave rage   va lue  
q and i n s e r t i n g  a c o r r e l a t i o n   f a c t o r  C .  - 

"_ * This  is v e r y   n e a r l y   t h e  optimum r a t i o  f o r  l o c a l   s t a b i l i t y  of a Z-sec t ion  
r i n g   ( c f .   R e f .  9 ) .  
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Additionally,  to  include  variable  pressure  loading  the  buckling  pressure 
in the  correlation  is  replaced  by  a  weighted  average  pressure 5. The 
resulting  correlation is then: 

Since  stiffening in  the  vicinity  of  maximum  buckle  amplitude  will  have 
the  greatest  effect on  critical  load,  it  is  reasonable  to  weight 11 with 
the  normal  buckling  deflection w. The  lowest  power of w which  will  serve 
this  purpose  is 2 ,  since  additional  stiffening  must  always  increase  the 
value  of R. The same  argument  may be applied  to  the  pressure  distribution 
so that  the  following  average  values  are  used. 

= Is pw2ds / j s  w2ds (6b 1 

For  more  general  shells of revolution  Eq. (5) is still  used, but with 
a  generalized  definition  of  the  averaze  radius of curvature  R2.  Comparison 
of the  membrane  hoop  force  equations  for  a  cone  and a more  general  shell  of 
revolution  suggests  the  following  value Cor g2. 

- 

r b 

For a  cone, r/R1 5 0 and  r/R2 : cosa, so that E q .  (7) reduces  to 
- 
R2 = (rb + r )/2cosa a 
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It should  be noted,  however,  that  the  application  of  Eq. (5) to  shells 
with  nonzero  Gaussian  curvature  is an expedient  in  lieu  of  more  valid 
instability  correla.tions,  such  as  might  be  obtained  frcm  the  a.nalysis  of 
Reference  11. 

Condition (2) is based on  a treatment  of  the  shell  bays  as  wide 
simple  supported  plates. As shown  in  Reference  12,  for  sufficiently 
long  shells  with  positive  Gaussian  curvature,  the  curvature  may  con- 
tribute  additional  buckling  strength,  whereas  for  shells  with  negative 
Gaussian  curvature  this  effect  tends  to  be  small. In either  case,  for 
sufficiently  short  bays,  as  generally  occur  for  optimum  designs,  the 
effect  of  curvature  is  negligible.  On  the  other  hand,  the  beneficial 
effect of meridional  tension  is  included  in  the  plate  buckling  formula 
according  to  (Ref. 13) 

k2 = 2[1 + (1 - k ~ ) * ~ ]  

where  the  compressive  stress  coefficients kl and k2 are  given  by 

k = T d2/v2D 
132 192 

Condition (3)  is  based on the  critical  stress  criterion  for  local 
instability  of  Z-section  rings  given  in  Reference 9. This  may  be  written 
as 

0 = 10.85 E(h/Ll)2 

As  may  be  seen  from  the  results  of  Reference 1, interior  rings  for  lightly 
loaded  ring-stiffened  shells  have  negligible  bending  in  the  prebuckling 
state.  Therefore,  the  criterion  for  local  ring  buckling  is  taken  simply  as* 

T = 10 Eh3/II 
@ (9 1 

The  ring  hoop  forces T as  well  as  the  local  meridional  and  hoop 
shell  skin  forces TI and  T2t'are  determined  from  membrane  theory  as  functions 
of h, II, d, and t (see  Appendix A). In  the  membrane  analysis,  normal 
force  equilibrium  is  written  for a finite  shell  element (of width d) centered 
at a  ring. It is  assumed  that  variables  in  the  membrane  equations  apply  at 
the  center  of  the  element,  i.e.,  at  the  ring.  Variables  required  (shell 
geometry,  pressure,  and  ring  and  stringer  properties)  to  compute T I  and T2 
for  the  bay  buckling  criterion  are  taken  as  mean  values  over  the  bay.  These 
assumptions  are  valid  only  if  these  variables  are  slowly  varying  over  each 
bay.  Otherwise,  a  design  will be obtained  which  may  be  locally  unstable  in 

" * The  factor  10.85  was  truncated  to 10 as  a  small  factor  of  conservatism. 
Additional  conservatism is, of course,  implied  by  the  neglect of the  shell 
wall  restraint on the riveted  flange  of  the  ring. 
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certain  regions. If this  occurs,  a  fictitious  pressure  distribution  with 
the  pressure  locally  increased  in  the  unstable  regions  (and  possibly 
decreased  in  regions  with  a  large  stability  margin)  is  input  to  the  design 
program  in  the  next  design  step.  (See  Box D in  Fig. 2.) 

The  fourth  condition  is  motivated  by  the  desire  to  place  the  ring 
material  where  it  will  do  the  most  good. It also  allows  a  very  important 
simplification  of  the  design  problem.  For  a  given  shell  skin  thickness t, 
Condition (l), through  Eq. (5), dictates  the  necessary  value  of 7. 
Condition ( 4 )  may  be  written  as 

where  w  is  normalized with,  say, its  maximum  value  equal  to  unity.  Substit- 
ution  of  Eq. (10) into  Eq.  (6a)  gives 

Since  an  approximation to w is known  from  the  previous  iteration (cf. Fig. 2 ) ,  
Eqs. (5) and (11) give k as a function  of  the  shell  thickness t. 

In  general,  the  value  of r l  at an interior  ring  is  given by* 

rl = ERIe/Dd + 12(e/t)2 

Here  the  hoop  flexural  rigidity  of  the  composite  wall  is  taken  about 
the  centroid  of  the  ring-shell  combined  section.  For  a  Z-section  ring  with 
a web-to-flange  ratio  of 5/2, rl is  given  as  a  function  of h, R ,  d, and t by 

= { .0343(1-u2)  (ER/E)hL3[17(hL+td)2 + 27t2d2] + .926 h2L4td)/t3d(hR+td)2  (12) 

Thus,  since  for  a  given  shell  thickness, TI,  T2, Th, and rl are  known 
functions  of h, R,  and d, Conditions ( l ) ,  ( 2 ) ,  and ( 3 ) ,  as represented by 
Eqs. ( 5 ) ,  (8) , and ( 9 ) ,  can be  used  to  solve  for  each  interior  ring  (i.e. , 
h and R )  and  its  spacing  (i.e., d) in  sequence.t In  effect,  a  nonlinear 
problem  with 3M degrees  of  freedom  is  reduced  to  a  sequence  of M problems, 
each  of which,  although  still  nonlinear,  has  only  three  degrees  of  freedom. 

For  an  assumed  shell  thickness,  the  solution  for  each  ring  is  illustrated 
schematically  in  Figure 3 .  For a given  value of d, each  curve  divides  the 
h-R  plane  into  a  stable  region  (to  the  right)  and  an  unstable  region  (to 

* In general,  the  interior  rings  need  not  be  of  the  same  material  as  the 
shell  skin. 
t In so doing,  Eqs. ( l o ) ,  (ll), and (12) are  used  with  Eq. (5) , Eqs.  (A7) 
and  (A8)  are  used  with  Eq. (8), and  Eq.  (A9)  is  used  with  Eq. (9). 
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the left). In  order  to  be  stable with  respect to  the  criteria  of Eqs.  (5), 
(8), and (9), a design  point  must  lie  to  the  right of all  three  curves.  The 
criterion  for  determining  where  the  solution  point  should  lie  within  the 
stable  region  is  that  the  added  ring  volume  per  unit of surface  area  (hl/d) 
should  be  a  minimum.  If  this  condition  is  met  for  each  ring,  then  it  is 
clear  that  for  the  shell  thickness  considered,  the  design  is  optimum.  The 
following  properties  of  the  curves  of  Figure  3  can  be  proven: 

1) On S ,  a(hR)/ah > 0, 
2)  At the  intersection  of S and R, a(hR/d)/ad < 0 and 

ah/ad > 0, and 
3 )  On B; hR = const.  and  a(hR/d)/Jd > 0. 

It is  clear  from  Property (1) that  for a  given low value  of d [Fig.  3(a>] 
the  optimum  point  is  the  intersection  of  the  curves S and R. Because 
of  Property (2) ,  hR/d  can  be  decreased  by  increasing d until  the  three 
curves  have  a  common  intersection.  However,  because  of  Property (3), a 
further  increase  in d will  cause  hR/d  to  increase.  Therefore,  the  simul- 
taneous  solution  of  Eqs. (5) ,  (8) ,  and ( 9 ) ,  represented  by  the  common 
intersection  in  Figure 3(b) is,  indeed,  the  optimum  solution. 

In  order  to  insure  fabrication  feasibility,  after  each  solution 
' depicted  in  Figure 3(b) is  obtained,  it  is  examined  and,  if  necessary, 

altered in  accordance  with  the  following  manufacturing  constraints  built 
into  the  program: 

1) Minimum  rivet  diameter, dl: _> drmin, 
2)  Minimum  ring  gage , h 2 hmin , and 
3 )  Riveted  flange  constraints, 4dr fR <_ d/2. 

The  rivet  diameter d, is  computed  according to 

d, = Max (4;  , drmin) 
- 

where t = Min (t,h) (14  1 

The  estimate 4;  for  the  rivet  diameter  is  based  on  equality  of  bearing 
strength  of  the  minimum  thickness  sheet  and  the  shear  strength  of  the 
rivet. -t 

t Strictly  speaking,  the  estimate 4 t  results  in  the  stated  equality  only  if 
the  ratio  of  ultimate  bearing  stress  of  the  sheet  to  the  ultimate  shear 
stress  of  the  rivet  is 71. Since  this  equality is not  fundamental  to  the 
design,  this  estimate of rivet  diameter,  which  is  reasonable,  is  used  in 
all  cases. 
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I f   t h e n 4 d r 5   d / 2 ,   C o n s t r a i n t s   ( 2 )  and (3)  are imposed  without 
changing   the   computed   r ing   spac ing   d .   Note   tha t   before   impos ing   the  
c o n s t r a i n t s ,   f R  = 2 a / 9 .  I f  h < hmi, o r  2119 > d / 2   t h e   s o l u t i o n   p o i n t  i s  
moved f rom  the  common i n t e r s e c t i o n  In  F i g u r e  3(b)  a l o n g   t h e   c u r v e  S down 
and t o   t h e   r i g h t   u n t i l   t h e   v i o l a t e d   c o n d i t i o n  is s a t i s f i e d .   T h i s  
r e s u l t s ,   o f   c o u r s e ,   i n   i n c r e a s e d   w e i g h t   ( c f .   P r o p e r t y  (1) a b o v e ) .   I f ,  
o n   t h e   o t h e r   h a n d ,  A -4d;- 2k/9 > 0 ,  t h e n  f i s  s imply   increased   by  
t h e  amount  of A wi thou t   chang ing   t he   r i ng   t h i ckness   o r   w id th ' s   o f   t he  
r i n g  web o r   f r e e   f l a n g e .   I n   t h i s  event,  f > 2 ~ 1 9 ,  and  Figure 3 ,  be ing  
based   on   r i ngs   w i th   p ropor t ions   o f  2 . 5  t o  f ,  no   l onge r   app l i e s .  However, 
t h e   a d d i t i o n   o f   t h i s  material cannot   weaken  the  design.  

R 

On t h e   o t h e r   h a n d ,   i f  4d, > d / 2 ,   t h e n  i t  i t  n e c e s s a r y   t o   p a y   t h e  
p e n a l t y  of i n c r e a s i n g  d above  the  optimum  value.  I n  t h i s   c a s e ,  d i s  
set  e q u a l   t o   8 d r   a n d   F i g u r e   3 ( c )   t h e n   a p p l i e s .   I n   t h i s   c o n d i t i o n ,   t h e  
c o n s t r a i n t s  are r e d u c e d   i n  number t o  two ,   v i z .  h _> bin and f R  = d / 2 .   I n  
F i g u r e   3 ( c ) ,   t h e  minimum w e i g h t   s t a b l e   d e s i g n  l i e s  on  the  segment  OP of  t h e  
cu rve  B bo rde r ing   t he   s t ab le   r eg ion , .   a long   wh ich  hB/d i s  c o n s t a n t .  
However, as b e f o r e ,   i f   h l <  hin o r  e l  > 9d /4 ,  i t  i s  necessary  t o  move t o  
a p o i n t   o n   t h e   p o r t i o n   o f   t h e   c u r v e  S b o r d e r i n g   t h e  stable reg ion .   Otherwise ,  
t h e   s o l u t i o n  i s  chosen on OP w i t h   t h e   l a r g e s t   v a l u e  of  Q (and  consequent ly ,  
tihe smallest v a l u e  of h )   c o n s i s t e n t   w i t h   t h e   c o n d i t i o n s  h 2 bin and 
2819 2 d /2 .  AS b e f o r e ,   i n   e i t h e r   c a s e ,  i t  s t i l l  n a y   b e   n e c e s s a r y   t o  
i n c r e a s e  f by  the  amount A = 4d, - 2@/9. ' i .  R 

Fol lowing  the  above-out l ined  procedure,   the   design  program  obtains  
s u c c e s s i v e l y   o p t i m i z e d   r i n g   s i z e   a n d   s p a c i n g   d i s t r i b u t i o n s   f o r   s e v e r a l  
s h e l l   t h i c k n e s s e s .  The i n i t i a l   s h e l l   t h i c k n e s s  and a th ickness   increment  
are  i n p u t   q u a n t i t i e s ,   a l o n g   w i t h   s h e l l   g e o m e t r i c a l   d a t a ,   s h e l l  and r i n g  
m a t e r i a l   p r o p e r t i e s ,   e x t e n s i o n a l   r i g i d i t y   o f   s t r i n g e r s ,   p r e s s u r e  d i s t r i -  
b u t i o n ,   l o a d   f a c t o r ,  minimum r i n g   g a g e ,  minimum r i v e t   d i a m e t e r ,   g e n e r a l  
i n s t a b i l i t y   c o r r e l a t i o n   f a c t o r ,  and   an   es t imate  of t he   no rma l   de f l ec t ion  
f u n c t i o n   o f   t h e   g e n e r a l   i n s t a b i l i t y  mode. F o r   e a c h   s h e l l   t h i c k n e s s   t h e   t o t a l  
s t r u c t u r a l   w e i g h t ,   i n c l u d i n g   s h e l l   s k i n ,   i n t e r i o r   r i n g s ,  and   an   es t imate  
f o r  r i ve t  we igh t ,§  is  computed.  The  process i s  t e r m i n a t e d   a f t e r   t h e   t o t a l  
s t r u c t u r a l   w e i g h t   a t t a i n s  a r e l a t i v e  minimum w i t h   r e s p e c t   t o   s h e l l   t h i c k n e s s .  

I- It i s  n o t e d   t h a t   s i n c e d r d e p e n d s  on h through  Eqs.  (13) and ( 1 4 ) ,  i n  
p r a c t i c e ,   s a t i s f a c t i o n  of t h e   c o n s t r a i n t s  i s  a n   i t e r a t i v e   p r o c e s s .  
§ The e s t i m a t e d  r i v e t  weight  is based   on   t he   fo l lowing   a s sumpt ions   fo r   each  
i n t e r i o r   r i n g :  1) i f  f R <  8 d r J   t h e r e  i s  o n e   c i r c u m f e r e n t i a l  row of r i v e t s ,  
w h e r e a s   i f  f R  2 8 d r ,   t h e r e   a r e  two rows ;   2 )   fo r   each  row t h e  r i v e t  spac ing  
is 20 t ;  3)  t h e   r i v e t   d e n s i t y  i s  e q u a l   t o   t h e   r i n g   d e n s i t y ;  and 4 )  t h e  
two  heads  of  each r ive t  have a t o t a l  volume  of  0.816 nd,3. 
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S h e l l   A n a l y s i s  

The s h e l l   d e s i g n   p r o c e d u r e s ,   d i s c u s s e d   i n   t h e   p r e c e d i n g   s e c t i o n s ,  are 
b a s e d   o n   c e r t a i n   a p p r o x i m a t i o n s ,   w h i c h   r e q u i r e   v e r i f i c a t i o n   a n d ,   i f   n e c e s s a r y ,  
mod i f i ca t ion   by  more p rec i se   ana ly t i ca l   me thods .   Wi th   r ega rd   t o   t he   s andwich  
c o n e s ,   t h i s   i n v o l v e s  a s t r a i g h t f o r w a r d   c a l c u l a t i o n   o f   t h e   p r e b u c k l i n g   s t a t e  
a n d   c o r r e s p o n d i n g   c r i t i c a l   l o a d ,  as shown i n   t h e   b o x e s   l a b e l e d  B and E i n  
F i g u r e  2. The  prebuckl ing states were computed   acco rd ing   t o   non l inea r  moder- 
a te  r o t a t i o n   t h e o r y   u s i n g  a computer  program  which  extends  the  axisymmetric 
l inear  s o l u t i o n  of  Reference 1 4  by  Newton's  method.  The s t a b i l i t y   a n a l y s e s  
(Boxes E and  F i n   F i g u r e  2) were ca r r i ed   ou t   u s ing   t he   compute r   p rog ram  d i s -  
c u s s e d   i n   R e f e r e n c e  15. S ince   un i form l i ve  normal   p ressure  i s  nonconserva- 
t ive  f o r   s h e l l s   w i t h   e d g e   r i n g s ,   t h e   s t a b i l i t y   a n a l y s e s  are based  on  dead 
p res su re   l oad ing .*  

T h e   a b o v e   d i s c u s s i o n   a p p l i e s   a l s o   t o   t h e   r i n g - s t i f f e n e d   d e s i g n s ,   e x c e p t  
t h a t ,   b e c a u s e   o f   t h e   r e l a t i v e l y   l a r g e  number  of r i n g s   r e q u i r e d ,  i t  w a s  
conven ien t   t o   ana lyze   mod i f i ed   des igns   hav ing  a d i f f e r e n t  number  of r i n g s ,  
r a t h e r   t h a n   t h e   a c t u a l   d e s i g n s   o b t a i n e d .   T h i s   m o d i f i c a t i o n   c o n s i s t s   o f   t h e  
r e p l a c e m e n t   o f   t h e   a c t u a l   d i s c r e t e   r i n g   d i s t r i b u t i o n  by a n   e q u i v a l e n t  
m o d i f i e d   d i s c r e t e   r i n g   d i s t r i b u t i o n  a t  a set of m o d i f i e d   r i n g   l o c a t i o n s .  
One o r   more   ac tua l   r i ngs  are lumped a t  t h e   n e a r e s t   m o d i f i e d   r i n g   l o c a t i o n ,  
thus  forming a m o d i f i e d   r i n g   h a v i n g   e x t e n s i o n a l ,   f l e x u r a l ,   a n d   t o r s i o n a l  
r i g i d i t i e s   e q u a l   t o   t h e  sum of t h e s e   r i g i d i t i e s  of t h e  component r ings   and  
a n o r m a l   e c c e n t r i c i t y   e q u a l   t o   t h e   a v e r a g e  of t h e   e c c e n t r i c i t i e s  of   the  
component r i n g s .  The se t  of m o d i f i e d   r i n g   l o c a t i o n s  i s  s u f f i c i e n t l y   d e n s e  
(up t o  31 p o i n t s  were used )  so  t h a t ,   i n s o f a r  as t h e   a c t u a l   d e s i g n   h a s  
s u f f i c i e n t l y  many r i n g s   t o   b e   a n a l y z e d   o n  a " smeared -ou t "   r i ng   s t i f fnes s  
b a s i s ,   w i t h   r e s p e c t   t o   g e n e r a l   i n s t a b i l i t y   t h e   m o d i f i e d   d e s i g n  and t h e  
a c t u a l   d e s i g n  are  e q u i v a l e n t .  " . 

On t h e   o t h e r   h a n d ,   w i t h   r e s p e c t   t o   b a y   a n d   l o c a l   r i n g   i n s t a b i l i t y ,   t h e  
mod i f i ed   des ign   c l ea r ly   does   no t   mode l   t he   ac tua l   des ign .   The re fo re ,   t o  
check   t hese  modes of   buckl ing ,  i t  w a s  n e c e s s a r y   t o  employ a n   a d d i t i o n a l  
program  represented  by Box C i n   F i g u r e  2. This   program  uses  as  i n p u t   t h e  
p rebuck l ing  stress r e s u l t a n t s  computed f o r   t h e   m o d i f i e d   d e s i g n   ( i n   s t e p  B 
of F i g u r e  2 ) ,  and is b a s e d   o n   t h e   a s s u m p t i o n   t h a t   t h e   t o t a l   c i r c u m f e r e n t i a l  
( i n c l u d i n g   r i n g s )   a n d   m e r i d i o n a l   ( i n c l u d i n g   s t r i n g e r s )  stress r e s u l t a n t s  are 
approx ima te ly   t he  same for   bo th   modi f ied   and   ac tua l   des igns .   Employing  
s t r a i n   c o m p a t i b i l i t y   b e t w e e n   s h e l l ,   r i n g s ,  and s t r i n g e r s   ( n e g l e c t i n g   t h e i r  
e c c e n t r i c i t i e s ) ,  i t  computes   t he   she l l  and r i n g  stress r e s u l t a n t s  a t  t h e  
des ign   load .   These  are compared t o   t h e   b u c k l i n g   a l l o w a b l e s   f o r  a l l  s h e l l  
bays  and i n t e r i o r   r i n g s ,   g i v e n  by  Eqs. (8) and (9), r e s p e c t i v e l y .  If l o c a l  
i n s t a b i l i t y  i s  found,   the   des ign  is i t e r a t e d   t h r o u g h   t h e   b o x e s  D ,  A ,  and B.  

*See  Reference 1 f o r   a n   a s s e s s m e n t  of t h i s   e f f e c t .  



RESULTS 

Sandwich  Cones 

I n   T a b l e  I are p r e s e n t e d   t h e   e s s e n t i a l   r e s u l t s  of the  sandwich  cone 
d e s i g n s .  I n  t h i s   t a b l e   t h e  c r i t i c a l  harmonic number i s  g i v e n   i n   p a r e n t h e s e s  
f o l l o w i n g   t h e   d i m e n s i o n l e s s   b u c k l i n g   p r e s s u r e .   T y p i c a l l y ,  as t h e   d e s i g n  
p r e s s u r e   i n c r e a s e s ,   t h e  c r i t i c a l  harmonic number d e c r e a s e s .  

The d imens ion le s s   we igh t s  shown are i d e a l   w e i g h t s   i n c l u d i n g   f a c e  
s h e e t s ,   c o r e ,   a n d   e d g e   r i n g   w e i g h t s ,   b u t   e x c l u d i n g   a d h e s i v e  bond  and 
o t h e r   n e c e s s a r y   f a b r i c a t i o n   w e i g h t s .   S i n c e   t h e   a d h e s i v e   w e i g h t  i s  
e s s e n t i a l l y   i n d e p e n d e n t  of des ign   p re s su re   and  varies as t h e   s h e l l   s u r f a c e  
area, i t  would  have i t s  g r e a t e s t  r e l a t ive  e f f e c t  on d imens ionless   weight  
a t  low d e s i g n   p r e s s u r e   a n d ,   p a r t i c u l a r l y ,   f o r  small b a s e   r a d i i .  A s  i s  
shown,   the  sandwich  face  sheets  are  minimum g a g e   f o r  Cases 1 through 4 ,  
w h e r e a s   t h e   b a s e   r i n g s  are minimum g a g e   f o r  Cases 1, 2 ,  and 4 .  On t h e   o t h e r  
hand ,   t he  R / t  r a t i o s  of t h e  Case 3 ,  5 ,  and 6 b a s e   r i n g s  are  l o c a l   b u c k l i n g  
l i m i t e d .  A s  a r e s u l t   o f   t h e  minimum g a g e   c o n s t r a i n t s ,   t h e   l a r g e r   d e s i g n s  
have   l ower   d imens ion le s s   we igh t s   t han   t he  smaller d e s i g n s .   I n   o r d e r   t o  
f a c i l i t a t e   t h e   e s t i m a t i o n  of s t r u c t u r a l   w e i g h t   f o r   o t h e r   s i z e s  and l o a d i n g s ,  
a l g e b r a i c   c o r r e l a t i o n s   o f   t h e   r e s u l t s  of  Table I a r e   p r e s e n t e d   i n   A p p e n d i x  B.  

The p rebuck l ing  s ta tes  f o r   t h e s e   d e s i g n s   a r e  shown i n   F i g u r e s  4 
through 9.  Also  shown  by the   dashed  l i n e  i n   t h e s e   f i g u r e s  i s  t h e  dimen- 
s i o n l e s s  hoop stress r e s u l t a n t  , pR2/rbE x l o 7 ,  p r e d i c t e d  by  membrane theo ry .  
A s  t h e   d e s i g n   p r e s s u r e   i n c r e a s e s ,   t h e   r e g i o n  of v a l i d i t y  of  t h e  membrane 
theo ry  becomes p r o g r e s s i v e l y  smaller u n t i l ,  a t  p/E = 50 x lo” , membrane 
c o n d i t i o n s  are  a t ta ined   nowhere .   The   e f fec t   o f   she l l   bending  i s  t o   i n c r e a s e  
a l g e b r a i c a l l y   t h e   c i r c u m f e r e n t i a l  stress r e s u l t a n t ,   t h e r e b y   r e s u l t i n g   i n  
a b u c K l i n g   p r e s s u r e   g r e a t e r   t h a n   t h a t   p r e d i c t e d  by  membrane theo ry .  

The   cor responding   buckl ing  modes are shown i n   F i g u r e s  10 through 1 5 . i k  

Compar i son   o f   t hese   f i gu res   shows   t ha t   t he   buck l ing  mode shape i s  r a t h e r  
i n s e n s i t i v e   t o   t h e   d e s i g n   p r e s s u r e   o r   s i z e .   T h e r e  i s ,  however, some 
t e n d e n c y   f o r   t h e   t a n g e n t i a l   b u c k l i n g   d e f l e c t i o n s   t o  grow w i t h   i n c r e a s i n g  
d e s i g n   p r e s s u r e .  

*The N = 2 b u c k l i n g   m o d e s ,   b e i n g   c h a r a c t e r i s t i c a l l y   l i n e a r   w i t h  maximum 
d e f l e c t i o n  a t  t h e   s h e l l   b a s e   ( R e f s .  1 and 4 ) ,  are  no t  shown. 
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Ring-Stiffened  Cones 

In  Table  I1 are p r e s e n t e d   t h e  esseotial e lements   o f   the   r ing-  
s t i f f e n e d   c o n e   d e s i g n s .  As is t r u e   f o r   t h e   s a n d w i c h   c o n e s ,   t h e  c r i t i c a l  
harmonic  number  (given i n  p a r e n t h e s e s   a f t e r   t h e  c r i t i ca l  p r e s s u r e )  
d e c r e a s e s  as t h e   d e s i g n   p r e s s u r e   i n c r e a s e s .  

In  t h i s  case, t h e   d i m e n s i o n l e s s   w e i g h t s  shown i n c l u d e ,  i n  a d d i t i o n  
t o   s h e l l   s k i n  and r i n g   w e i g h t s ,  a weight  estimate f o r   t h e   i n t e r i o r   r i n g  
a t tachment  r ive ts .  Thus t h e s e   w e i g h t s  are n o t   d i r e c t l y   c o m p a r a b l e   t o   t h e  
sandwich  weights  (Table I) ,  s ince   t he   s andwich   we igh t s  do n o t   i n c l u d e  
adhes ive  bond weight .  The Case 4 and 5 d e s i g n s   u t i l i z e  30  ( .5 X . 7 5  x 
.1 x .010 i n . )   T n t e r n a l   s t r i n g e r s ,   w h i c h   r u n   t h e   f u l l   l e n g t h   o f   t h e   c o n e  
and are equ i spaced   g round   t he   she l l   c i r cumfe rence .  The small d imens ion le s s  
weight  (0.024 x lo-’) of t h e s e   s t r i n g e r s  i s  a l s o   i n c l u d e d   i n   t h e   w e i g h t s  
shown f o r  Cases 4 and 5 i n   T a b l e  11. S t r i n g e r s  are employed  because  for  
t h e s e   v e r y   t h i n   s h e l l s   ( r b / t  = 4385 and 3 3 5 3 )  t h e  method  of  forward 
i n t e g r a t i o n   u s e d   i n   t h e   n u m e r i c a l   a n a l y s i s   r e q u i r e s  i n  the   ma themat i ca l  
model  more  than  the 3 3  s u b i n t e r v a l s   c u r r e n t l y   d i m e n s i o n e d   i n   t h e   a n a l y s i s  
computer  programs.  Since a small amount  of s t r i n g e r s   h a s   t h e   b e n e f i c i a l  
e f f e c t   o f   r e d u c i n g   p r e b u c k l i n g   r o t a t i o n s  as w e l l  as t h e   r e q u i r e d  number of 
s u b i n t e r v a l s  and may, i n   f a c t ,   p r o d u c e  a more  optimum des ign ,   t hey  were 
i n c o r p o r a t e d   i n t o   t h e s e   d e s i g n s .  

I n   c o n t r a s t  t o  the   s andwich   des igns ,   i n   no   ca se  i s  t h e   s k i n   t h i c k n e s s  
minimum gage .   However ,   the   cons t ra in ts  of minimum i n t e r i o r   r i n g   g a g e  and 
minimum r ive t  d iameter  l i m i t  a l l  t h e   d e s i g n s   e x c e p t  Cases 3 and 6, as 
shown i n   t h e   f o l l o w i n g   t a b l e .  

No. min.  gage No. i n t .   r i n g s   w i t h  
Case i n t .   r i n g s   m i n .   g a g e   r i v e t s  

a l l  
none 
none 
1 
none 
none 

a l l  
a l l  
none 
a l l  
3 
none 

S i n c e   t h e  Case 3 s h e l l  i s  uncons t r a ined  by minimum gage ,   t he  Case 6 s h e l l  
i n t e r i o r  i s  i d e n t i c a l   t o  i t  e x c e p t   f o r   s c a l e .   W i t h   r e s p e c t   t o   t h e   b a s e   r i n g s ,  
Cases 1 through 4 are minimum gage ,   whereas   for  Cases 5 and 6 t h e   b a s e   r i n g  
R / t  r a t i o s  are l i m i t e d   t o  125. Consequen t ly ,   a l t hough   t he  Case 3 and  Case 6 
s h e l l   i n t e r i o r s   s c a l e ,   t h e i r   b a s e   r i n g s   d o   n o t .   I n   c o n t r a s t   t o   t h e   s a n d w i c h  
des igns ,   none   o f   t he   r i ng - s t i f f ened   cone   base   r i ngs  i s  l o c a l   s t a b i l i t y  
c r i t i c a l .  
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I n  g e n e r a l ,   t h e  number of i n t e r i o r   r i n g s   d e c r e a s e s   w i t h   i n c r e a s i n g  
d e s i g n   p r e s s u r e .  A s  s een   f rom  Tab le  11, minimum g a g e   c o n s t r a i n t s   c a n  
reverse t h i s   r e l a t i o n s h i p .   I n t e r i o r   r i n g   l o c a t i o n s  and t h e i r   d i m e n s i o n s  
:or Cases 1 through 5 are  shown i n  Tables I11 through V I I ,  r e s p e c t i v e l y .  

As noted  ear l ier ,  t h e   b u c k l i n g   p r e s s u r e s  shown are based   on   nonl inear  
p rebuck l ing  states.  The e f f e c t   o f   n o n l i n e a r i t y  was checked  for   Cases  1, 
2 ,  and 3 ,  and,  as expec ted ,  was found t o  have i t s  g r e a t e s t   e f f e c t   f o r   t h e  
h i g h   p r e s s u r e   d e s i g n ,  Case 3 .  In  g e n e r a l ,   t h e   e f f e c t   o f   n o n l i n e a r i t y  is 
t o   i n c r e a s e   t h e   b u c k l i n g   p r e s s u r e .  The p e r c e n t   i n c r e a s e s   f o r  Cases 1, 2 ,  
and 3 are 2.0%, 3 . 2 % ,  and 11.4%, r e s p e c t i v e l y .  

The p rebuck l ing  s ta tes  f o r   t h e   c o r r e s p o n d i n g   m o d i f i e d   s t r u c t u r e s   ( c f .  
S h e l l   A n a l y s i s ,   p .  18) a re  shown i n   F i g u r e s   1 6   t h r o u g h   2 0 ,   r e s p e c t i v e l y .  
N o t e   t h a t   F i g u r e  18 a p p l i e s   f o r  a l l  b a s e   r a d i i   g r e a t e r   t h a n   o r   e q u a l   t o  57 
i n .  Super imposed   on   these   f igures  are t h e   s h e l l  hoop stress r e s u l t a n t  
d i s t r i b u t i o n s  computed f o r   t h e   a c t u a l   s t r u c t u r e  from E q .  (AB) of  Appendix A .  
Fo r   t he   l ow  p re s su re   des igns   (F igs .  1 6  and 19), t he   d i f f e rence   be tween  
E q .  (A8) and  the hoDp f o r c e   f o r   t h e   m o d i f i e d   s t r u c t u r e  i s  n e g l i g i b l e   o v e r  
m o s t   o f   t h e   s h e l l   i n t e r i o r .  The g r e a t e s t   d i s c r e p a n c y   o c c u r s   f o r   t h e   h i g h  
p r e s s u r e   d e s i g n   ( F i g .  18). The r i n g   r o t a t i o n   t e n d s   t o   r e d u c e   t h e   c o m p r e s s i v e  
hoop s t ress  i n   t h e   r i n g s   a n d   t o   i n c r e a s e   t h e   c o m p r e s s i v e   h o 2 p   s t r e s s   i n   t h e  
s h e l l   s k i n .   T h e r e f o r e ,  i t  i s  p robab le   t ha t   t he   Case  3 d e s i g n  i s  underdesigned 
f o r   l o c a l   b a y   b u c k l i n g   a n d   o v e r d e s i g n e d   f o r   l o c a l   r i n g   b u c k l i n g .  However, 
because   these  two e f f e c t s   a r e   c o m p e n s a t i n g ,   t h e   r e s u l t i n g   e r r o r   i n   t h e  optimum 
s t r u c t u r a l   w e i g h t  i s  probably  small .  

The buck l ing  mode s h a p e s   f o r   t h e   r i n g - s t i f f e n e d   d e s i g n s  a re  shown i n  
F igu res  2 1  through 2 5 .  I n   c o n t r a s t   t o   t h e   s a n d w i c h   c o n e s ,   t h e r e  i s  some 
t e n d e n c y   f o r   t h e   l o c a t i o n   o f  maximum buck le   ampl i tude   t o  move a f t   w i t h  
inc reas ing   des ign   p re s su re .   In   t hese   f i gu res   t he   no rma l i zed   mass  d i s t r i -  
b u t i o n   ( i . e . ,   t h e   s u r f a c e   d e n s i t y   p \ / d ) o f   t h e   i n t e r i o r   r i n g s  i s  s u p e r -  
imposed  on t h e   n o r m a l   d e f l e c t i o n   s h a p e  of t he   buck l ing  mode. I n   p r a c t i c e ,  
t h e   a v e r a g e   d i s t r i b u t i o n   o f   t h e   n o r m a l   d e f l e c t i o n   o f   s e v e r a l   b u c k l i n g  
modes is i n p u t   t o   t h e   d e s i g n   p r o g r a m .   T h i s  i s  done i n   o r d e r   t o   a v o i d  
w e a k e n i n g   t h e   s h e l l   w i t h   r e s p e c t   t o   o p e  mode w h i l e   s t i f f e n i n g  i t  w i t h  
r e s p e c t   t o   a n o t h e r .  A s  a r e s u l t  o f   t he  minimum g a g e   c o n s t r a i n t s   t h e  
d e v i a t i o n  of t h e   r i n g  mass d i s t r i b u t i o n   f r o m   t h e   n o r m a l   d e f l e c t i o n   s h a p e  
is g r e a t e s t   f o r   t h e   C a s e  1 des ign   (F ig .   21 ) .  However, i t  should   be   no ted  
t h a t  i t  i s  n o t   d e s i r e d   t o  make t h e   r i n g  mass d i s t r i b u t i o n  (which  corresponds 
t o   a n   i n c r e a s e   i n   l o c a l  h o o p   e x t e n s i o n a l   r i g i d i t y   o f   t h e   c o m p o s i t e   s h e l l  
w a l l )   p r o p o r t i o n a l   t o   t h e   b u c k l i n g  mode, b u t   r a t h e r   t h e   f l e x u r a l   r i g i d i t y  
f u n c t i o n  Q ( c f .   S h e l l   D e s i g n ,   p .  15) .  

I n   o r d e r   t o  assess t h e   b e n e f i t   g a i n e d   b y   t h e   a d d i t i o n a l   d e s i g n   d e g r e e s  
o f   f r e e d o m   a s s o c i a t e d   w i t h   v a r i a b l e   r i n g   s i z e   a n d   s p a c i n g ,   d i m e n s i o n l e s s  
w e i g h t s   f o r   s h e l l  w a l l  and i n t e r i o r   r i n g s  were computed f o r   t h e  Case 4 ,  5 ,  
and 6 c r i t i c a l  p re s su res   ( s ee   Tab le   11 )   u s ing   t he   approx ima te   ana lys i s   o f  
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Burns  (Ref. 2) f o r   e q u a l l y   s p a c e d   i d e n t i c a l   r e c t a n g u l a r   r i n g s .   I n   o r d e r   t o  
be a b l e   t o   r e a l i s t i c a l l y  compare t h e   r e s u l t s  of t h i s   c a l c u l a t i o n   w i t h   t h e  
c o r r e s p o n d i n g   w e i g h t s   f o r   t h e   p r e s e n t   d e s i g n s ,  i t  is  n e c e s s a r y   t o  assess 
a l s o   t h r e e   b a s i c   c a u s e s  of d i f f e r e n c e   i n   t h e s e   r e s u l t s   o t h e r   t h a n   t h e   o n e  
of i n t e r e s t .   T h e s e  are: (1) t h e   u s e   o f   r e c t a n g u l a r   i n t e r i o r   r i n g s   i n  
Reference  2 v e r s u s   t h e   u s e  of t h e   m o r e   e f f i c i e n t   Z - s e c t i o n   r i n g s   i n   t h i s  
s tudy ;  (2) t h e   a s s u m p t i o n   o f   h y d r o s t a t i c   p r e s s u r e   l o a d i n g   i n   R e f e r e n c e  2 
ver sus   t he   a s sumpt ion  of t h e  less s t r i n g e n t  la teral  p r e s s u r e   l o a d i n g   i n   t h i s  
s tudy;   and (3 )  t h e   e r r o r   i n   t h e   a p p r o x i m a t e   f o r m u l a s   o f   R e f e r e n c e  2 ,  which 
t o  some e x t e n t   c o m p e n s a t e s   f o r   t h e   f i r s t  and  second  assumptions.  The 
d i f fe rences   caused   by   these   assumpt ions  are e s t i m a t e d   a n d   t h e n   a p p l i e d   t o  
c o r r e c t   t o   f i r s t   o r d e r   t - h e   w e i g h t s   p r e d i c t e d  by  Burns '   approximate  analysis  
t o   t h e  same b a s i s  as t h e   p r e s e n t   r e s u l t s .  

Based  on t h e   e f f i c i e n c y   f a c t o r s   g i v e n   i n   R e f e r e n c e  2 ,  t h e   u s e  of 
Z - s e c t i o n   r i n g s  would r e s u l t   i n  a we igh t   s av ing  of   approximately 9.4%.  Also, 
i f   t h e   l o c a l   b a y   b u c k l i n g   c r i t e r i o n  i s  based  on l a t e ra l  p r e s s u r e   ( i . e . ,   u s e  
of a p l a t e   b u c k l i n g   c o e f f i c i e n t  of 4 i n s t ead   o f  2 ) ,  t he   app rox ima te   ana lys i s  
p r e d i c t s   a n   a d d i t i o n a l   w e i g h t   s a v i n g   o f  8.4%.  On t h e   o t h e r   h a n d ,  a f i r s t  
o r d e r  estimate of t h e   e r r o r   i n   t h e   a p p r o x i m a t e   a n a l y s i s   o f   R e f e r e n c e  2 
i n d i c a t e s   t h a t   f o r  Cases 4 ,   5 ,  and 6 i t  u n d e r e s t i m a t e s   t h e   w e i g h t s  by 7 . 2 % ,  
9 . 6 % ,  and 12.5%,  r e s p e c t i v e l y .  The t ab le   be low  compares   t he   t o t a l   we igh t  
f o r   t h e   s h e l l  and i n t e r i o r   r i n g s   o b t a i n e d   f r o m   t h e   a p p r o x i m a t e   a n a l y s i s  of 
Aeference 2 w i t h   t h e   c o r r e s p o n d i n g   w e i g h t s   ( e x c l u d i n g   r i v e t   w e i g h t )   f r o m  
t h i s   s t u d y .  

w/prb3 x 10 3 

Correc ted  
Case E/E x 10 This   Study R e f .  2 Weight  Ratio  Weight  Ratio 

4 1 . 8 6  0 .96  1 . 3 3  1 . 3 9  
5 9.28 2.24 3.17 1 . 4 2  
6 43.15 5 . 8 1  7 .25  1 .25  

1 . 2 4  
1 . 2 9  
1 . 1 6  

The impos i t i on  o f   manufac tu r ing   cons t r a in t s   i n   t he   p re sen t   s tudy ,   wh ich  
a f f e c t  Case 4 a n d ,   t o  a lesser degree ,  Case 5 ,  has   r educed   t he   we igh t   r a t io s  
shown f o r   t h e s e   c a s e s . "   T h i s   f a c t ,   c o u p l e d   w i t h   t h e   d i f f e r e n c e s   s h o w n ,  
s u g g e s t s   t h a t   t h e   r e l a t i v e   w e i g h t   s a v i n g   t o   b e   g a i n e d  by a l l o w i n g   v a r i a b l e  
r i n g   s i z e   a n d   s p a c i n g   i n c r e a s e s   w i t h   d e c r e a s i n g   d e s i g n   p r e s s u r e .  

* S i n c e   t h e   v a r i o u s  modes  of buckl ing   have   no t   been   checked   for   the   des ign  
equa t ions  of  Reference 2 ,  i t  is  p r o b a b l e   t h a t   a d d i t i o n a l   m o d i f i c a t i o n  of t h e  
we igh t s   p red ic t ed  by  them is  requ i r ed   t o   compensa te   fo r   t he   app rox ima te  
na tu re   o f   t he   unde r ly ing   a s sumpt ions   u sed .  
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S i n g e r ,  e t  a l .  (Ref. 3)  p r e s e n t s   r e s u l t s   f o r  a 120   cone   fo r   p /E  = 
6 x 10-7 a n d   r a / r b  = 0 .25 .   Fo r   t he   r i ng   spac ing  l a w  d a l/rm5 , corresponding  
i d e a l l y   t o   e q u a l   s t r e n g t h   b a y s ,   t h e y  re  o r t   a n  opt imum  weight   for   she l l   p lus  
i n t e r i o r   r i n g s  of W/prb3 = 2.84 x 10- 2; . F o r   e q u a l l y   s p a c e d   r i n g s   t h e  
optimum  weight i s  i n c r e a s e d   o n l y   s l i g h t l y   t o  2.94 x On t h e   o t h e r   h a n d ,  
B u r n s '   a p p r o x i m a t e   a n a l y s i s   f o r   e q u a l l y   s p a c e d   r i n g s   g i v e s   f o r   t h i s   s h e l l  
W/prb3 = 2.62 x 10-3. T h i s   d i s c r e p a n c y  is caused.  primarily  by  the  more 
s t r i n g e n t   a s s u m p t i o n   i n   R e f e r e n c e  3 r e g a r d i n g   t h e   s h e l l   s k i n  stress, v i z .  
t h a t   t h e   f u l l   h y d r o s t a t i c  membrane stress is  d e v e l o p e d   i n   t h e   s h e l l   s k i n .  

0 

Configuration  Comparison 

I n   F i g u r e s  26 and  27 t h e   d i m e n s i o n l e s s   s t r u c t u r a l   w e i g h t s   g i v e n   i n  
Tab le s  I and I1 are  p l o t t e d   v e r s u s   d i m e n s i o n l e s s   b u c k l i n g   p r e s s u r e .  A s  
n o t e d ,   t h e s e   c u r v e s  are  no t   d i r ec t ly   comparab le   s ince   t he   s andwich   cone  
we igh t s   exc lude   t he   adhes ive  bond we igh t ,   whereas   t he   r i ng - s t i f f ened   cone  
w e i g h t s   i n c l u d e   t h e   ( a n a l o g o u s )   r i v e t   w e i g h t   f o r   t h e   i n t e r i o r   r i n g s .   I n  
s p i t e  of t h i s   b i a s ,   r i n g - s t i f f e n e d   c o n s t r u c t i o n  is seen t o   b e   l i g h t e r   i n  
t h e  low p res su re   r ange ,   whereas   s andwich   cons t ruc t ion  i s  l i g h t e r   i n   t h e  
h igh   p re s su re   r ange .  ' This   i nve r s ion   o f  re la t ive  s t a n d i n g   w i t h   p r e s s u r e  
v a r i a t i o n  i s  p r i m a r i l y  a r e s u l t  of minimum gage   cons t ra in ts   (which ,  of 
cour se ,   a l so   cause   t he   dependence   o f   d imens ion le s s   we igh t  on b a s e   r a d i u s ) .  
A s  shown i n  Tab les  I and 11, the  sandwich  cone face s h e e t s  are minimum 
gage i n  Cases 1 through 4 ,  w h e r e a s   t h e  optimum r i n g - s t i f f e n e d   c o n e   s k i n  
t h i c k n e s s  i s  a l w a y s   g r e a t e r   t h a n  minimum gage.   Since  the  sandwich  adhesive 
weight  is es sen t i a l ly   i ndependen t   o f   des ign   p re s su re   and  is p r o p o r t i o n a l   t o  
t h e   s q u a r e  of t h e   b a s e   r a d i u s ,  i t  a l s o   h a s  i t s  g r e a t e s t   r e l a t i v e   e f f e c t  
on  dimensionless   weight  a t  low loading  and small s i z e ,   t h e r e b y   a c c e n t u a t i n g  
t h e   e f f e c t  of minimum gage.  For  example, i f  one  assumes  an  adhesive  weight 
of 0 . 2  l b / f t 2  o f   s u r f a c e  area and a s t r u c t u r a l   d e n s i t y  of 0 . 1  l b / i n 3 ,   t h e n  
W/prb3  x l o 3  shou ld   be   i nc reased  by  0.39  and  0.78  for r = 114  and  57 i n .  , 
r e s p e c t i v e l y .   A d d i n g   t h e s e   a m o u n t s   t o   t h e   c u r v e s  of F igu re  26  and  comparing 
t h e   r e s u l t i n g   c u r v e s   w i t h   t h o s e   o f   F i g u r e   2 7 ,  as shown i n   F i g u r e  2 8 ,  one 
c o n c l u d e s   t h a t ,   u n d e r   t h e s e   a s s u m p t i o n s ,   r i n g - s t i f f e n e d   c o n s t r u c t i o n  i s  
l i g h t e r   f o r   p / E  x l o 7  < 8.5  and 18.0 f o r   r b  = 114  and 57 i n . ,   r e s p e c t i v e l y . *  

b 

I n  o r d e r   t o   i l l u s t r a t e   t h e   d e g r e e  of o p t i m i z a t i o n   a c h i e v e d ,   t h e   s a n d -  
wich   and   r ing-s t i f fened   cone   des igns   o f   Reference  1 are r e p r e s e n t e d   i n  
F i g u r e s  26 and 2 7 ,  r e s p e c t i v e l y ,  as small c i rc les .  These   des igns  are a l s o  
120"  cones,   but   have a t r u n c a t i o n   r a d i u s   r a t i o   o f  0 .445 .  The v a l u e s  shown 
f o r   t h e s e   d e s i g n s   h a v e   b e e n   c o r r e c t e d   a p p r o x i m a t e l y   t o   t h e   r a t i o  r / r  = 1/3  
i n  o r d e r   t o   b e   c o n s i s t e n t   w i t h   r e s u l t s  of t h i s   s t u d y .   F o r   t h i s  wefghk 

* I n c l u d i n g   t h e   a d d i t i o n a l   w e i g h t s   a s s o c i a t e d   w i t h   e d g e   c l o s u r e   a n d   c o r e  
i n s e r t s   f o r   t h e   s a n d w i c h  wall would increase f u r t h e r   t h e s e   i n v e r s i o n   p r e s s u r e s .  
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c a l c u l a t i o n   t h e  base r i n g s  were chosen,  as i n   t h i s   s t u d y ,  s o  t h a t   t h e  N = 2 
c r i t i c a l  p r e s s u r e   e q u a l s   t h e   h i g h e r   h a r m o n i c  c r i t i c a l  p r e s s u r e .  It is  noted  
t h a t   t h e   s a n d w i c h   d e s i g n  of Reference  1 is not  homogeneous,   having  an 
aluminum s h e l l  and  magnesium  edge  r ings.   The  dimensionless  weight shown f o r  
t h e   s a n d w i c h   s h e l l  i s  based   on   the   dens i ty   o f   a luminum,  0 .1  l b / i n . 3  - The 
r i n g - s t i f f e n e d   c o n e  i s  homogeneous  (of  magnesium)  and has   equa l ly   spaced  
i d e n t i c a l   t u b u l a r   i n t e r i o r   r i n g s .   S i n c e   t h e   b a s e   r a d i u s   o f   t h e s e   s h e ' l l s  i s  
90 i n , ,  i t  i s  ev iden t   f rom  F igu res  26  and 27 t h a t   t h e y  are  bo th  nonoptimum 
des igns .  Relative t o   t h e s e   d e s i g n s ,  a much g r e a t e r   d e g r e e  of o p t i m i z a t i o n  
was a c h i e v e d   f o r   t h e   r i n g - s t i f f e n e d   s h e l l   t h a n   f o r   t h e   s a n d w i c h   s h e l l .   I n  
f a c t ,   t h e   a p p a r e n t   c o n c l u s i o n  of  Reference 1, t h a t   f o r   r b  = 90 i n .  and 
p/E x l o 7  6 ,  sandwich   cons t ruc t ion  is s u p e r i o r ,   h a s  now been   reversed  
(cf . Fig.   28) .  

Also shown by t h e  small t r i a n g l e s   i n   F i g u r e s  26 and 27 are  t h e  low 
tempera ture  (300OF) sandwich  and  r ing-st i f fened 120' c o n i c a l   a e r o s h e l l  
weights   of   Reference 4."  They h a v e   b e e n   c o r r e c t e d   a p p r o x i m a t e l y   t o   t h e  
p r e s e n t   t r u n c a t i o n   r a d i u s   r a t i o  of  113,  and, i n   a d d i t i o n ,   w e i g h t   a l l o w a n c e s  
f o r   s p l i c e s ,   t u b e   s u p p o r t ,   s a n d w i c h   c l o s u r e ,   a n d   h e a t   s h i e l d s   h a v e   b e e n  
s u b t r a c t e d   o u t ,   S i n c e   t h e s e   d e s i g n s  are  b a s e d   o n   v a r i a b l e   p r e s s u r e   l o a d i n g ,  
t h e i r   w e i g h t s  are p l o t t e d   f o r  a mean v a l u e  of p r e s s u r e ,   t a k e n   t o   b e   1 . 7 3   p s i  
o n   t h e  scale  of   Figure 11 of  Reference  4.  It i s  h o t e d   t h a t ,   b a s e d   o n   t h i s  
mean p r e s s u r e   v a l u e ,   t h e   s a n d w i c h   c a p s u l e   r e s u l t s  a re  i n   e x c e l l e n t   a g r e e m e n t  
w i t h   t h e   p r e s e n t   r e s u l t s ,   w h e r e a s   t h e   r i n g - s t i f f e n e d   c a p s u l e   w e i g h t s  a re  
g r e a t e r   b y   3 . 4 %   f o r   t h e   l o w   p r e s s u r e   d e s i g n  and   7 .9%  fo r   t he   h igh   p re s su re  
design.  The  improvement  obtained i n   t h e   p r e s e n t   d e s i g n s   r e s u l t s   e s s e n t i a l l y  
f r o m   t h r e e   b e n e f i c i a l   e f f e c t s   c o n s i d e r e d   h e r e   b u t   n o t   i n   R e f e r e n c e   4 .   T h e s e  
are: (1) t h e   n o n l i n e a r i t y  of t h e   p r e b u c k l i n g  s t a t e  (c f .   p .   21) ,  ( 2 )  t h e  
m e r i d i o n a l   t e n s i o n   i n   t h e   b a y   b u c k l i n g   c r i t e r i o n ,   a n d  ( 3 )  t h e   i n c l u s i o n  of 
a small amount  of s t r i n g e r s   i n   t h e  Case 4 and 5 des igns .  

Ano the r   po in t   o f   compar i son   w i th   t he   r e su l t s  of  Reference 4 i s  t h e  
inve r s ion   p re s su re ,   be low  wh ich   r i ng - s t i f f ened   des igns  are optimum,  predicted 
by t h e   p r e s e n t   r e s u l t s .   D e s i g n   p r e s s u r e  i s  a p p r o x i m a t e l y   p r o p o r t i o n a l   t o  
b a l l i s t i c   c o e f f i c i e n t   f o r   e n t r y   c a p s u l e s ,  and f o r   e n t r y   f r o m   o r b i t   i n t o   t h e  
M a r t i a n   a t m o s p h e r e   t h i s   r e l a t i o n  i s  

p ( p s i )  = 19.5  p ( s l u g / f t  ) 
2 

which   inc ludes  a f ac to r   o f   s a fe t   o f   2 .25 .  Based  on t h e   i n v e r s i o n   p r e s s u r e s  
of   8 .5  E x and  18.0 E x g iven  earlier and a Young's  modulus f o r  
aluminum a t  3000F of 9.35 x 106 p s i ,   o n e   c o n c l u d e s   t h a t   r i n g - s t i f f e n e d  
c o n s t r u c t i o n  is  optimum f o r   b a l l i s t i c   c o e f f i c i e n t s  less than  0.41  and  0.86 
s l u g / f t 2   f o r  1 9  and 9.5 f o o t   d i a m e t e r   c a p s u l e s ,   r e s p e c t i v e l y .   T h u s   t h e   r e s u l t  
of   Reference 4 ,  t h a t   f o r  1 9  f o o t   d i a m e t e r   c a p s u l e s ,   r i n g - s t i f f e n e d   c o n s t r u c t i o n  
is optimum f o r   b a l l i s t i c   c o e f f i c i e n t s  less than   0 .42   s lug / f t2   has   been   ex tended  
t o  smaller c a p s u l e   s i z e s .  

*These   weights   cor res  ond t o   c a p s u l e   d e s i g n s   w i t h   b a l l i s t i c   c o e f f i c i e n t s  of 
0.32  and 0.64  s l u g / f t '   f o r   e n t r y  a t  o r b i t a l   s p e e d s   i n t o   t h e   M a r t i a n   a t m o s p h e r e .  



CONCLUDING REMARKS 

A practical  optimum  design  procedure  for  buckling  limited  shells  of 
revolution  has  been  presented.  The  procedure  is  essentially an automated 
one,  being  based  on  computer  analysis  and  (for  ring-stiffened  shells) 
computer  design. In this  study  this  procedure  has  been  used  to  obtain 
feasible  point  designs  for  sandwich  and  ring-stiffened  120"  truncated 
conical  shells.  Designs  are  presented  for  a  wide  range  of  critical  pressures 
and,  in  order to evidence  the  effect  of  minimum  gage,  two  base  radii. 

The  main  conclusion  to  be  drawn  from  the  results of this  study  is  that, 
for  optimized  designs,  ring-stiffened  construction  is  structurally  superior 
to  sandwich  construction  for  lightly  loaded  shells.  This  is  an  important 
result  since  it  is  in  agreement  with  the  practical  desirability  of  ring- 
stiffened  construction  over  sandwich  construction.  The  weight  curves 
presented  for  both  constructions  may  also  be  useful  in  future  system  trade- 
off  studies  of  geometrically  similar  planetary  entry  capsules. 

The  optimum  design  computer  program  developed  for  this  task  represents 
an  engineering  approach to a  complex  mathematical  programming  problem. 
Its  successful  application to cones  suggests  the  possibility of applying 
it  to  more  general  shells of revolution  (cf.  Refs. 4 and 5 ) .  A major 
difficulty  in  this  regard  is  the  nonavailability  of  shell  instability 
correlations.  Additional  research,  possibly  along  the  lines of Reference 
11, is  evidently  needed  in  this  area. 
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APPENDIX A 

DETERMINATION  OF  STRESS  RESULTANTS 
OF  RING-STIFFENED  SHELLS  USING MEMBRANE THEORY 

Normal  force  equilibrium  is  written  for a finite  shell  element of 
width d centered  at  an  interior  ring,  i.e., 

It is  assumed  that  all  variables  appearing  in  Eq. (Al) are  slowly  varying 
over  the  element so that  this  equation is valid  when  these  variables 
are  evaluated  at  the  midpoint of the  element  (i.e.,  at  the  ring).  Axial 
force  equilibrium  gives 

where 

These  equations  are  supplemented  by  the  membrane  constitutive  relations 
for shell,  rings,  and  stringers,  viz. 

in  which  compatibility of strains  (neglecting  ring  and  stringer  eccen- 
trkities)  is  implicit.  Equations  (Al)  through (A6) are  six  equations  in 
six  unknowns  which  have  the  solution 
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where 

x = (EA)g/Etd 

y = X I ( E A ) ~ / ~ I T E ~ ~  

T (1 + X) (1 + y) - v2xy  
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APPENDIX B 

SANDWICH CONE CORRELATIONS 

L e a s t   s q u a r e   c o r r e l a t i o n s  of t h e   r e s u l t s   p r e s e n t e d   i n   T a b l e  I a r e  
d e r i v e d   i n   t h i s   a p p e n d i x .  

Base  Ring 

F o r   t h e  s ix  b a s e   r i n g s  of Table  I ,  t h e   d i m e n s i o n l e s s   f l e x u r a l   r i g i d i t y  
E I / p r b 4   v a r i e s   o n l y   s l i g h t l y .  For Cases 1 through 6 r e s p e c t i v e l y ,  E I / p r b 4  
t a k e s   t h e   v a l u e s :  0.117, 0.110, 0.118, 0.117,  0.116,  and  0.124.  Taking 
t h e  mean,   0 .117 ,   o f   these   va lues ,   one   ob ta ins   the   cor re la t ion  

I/rb4 = .117 p/E  (B- 1) 

Equat ion  (B-1)   gives   the minimum b a s e   r i n g  moment o f   i n e r t i a   r e q u i r e d   t o  
suppres s   t he  N = 2 buck l ing  mode. 

F o r   t h e   t h r e e   u n c o n s t r a i n e d   b a s e   r i n g s ,   C a s e s   3 ,  5 ,  and 6 ,  t he   fo l low-  
i n g   l e a s t   s q u a r e   c o r r e l a t i o n   f o r   t h e   d i m e n s i o n l e s s   s e c t i o n   a r e a  may be 
ob ta ined  

A / r b 2  = 3 . 5 5 ( ~ / E > * ~ ~  (B-2) 

Equation  (B-2),   which f i t s   t h e s e   t h r e e   d a t a   p o i n t s   w i t h  less than  one 
p e r c e n t   e r r o r ,   r e f l e c t s   t h e   l o c a l   s t a b i l i t y  1 i m i . t  of t u b u l a r   b a s e   r i n g s ,  
Equations  (B-1)  and  (B-2)  are two e q u a t i o n s   f o r   t h e  two b a s e   r i n g   v a r i a b l e s  
R and t .  They   have   the   so lu t ion  

R / r b  = . 2 5 7 ( p / ~ ) ' . ' ~ ~  

t /rb = 2.20(p/E)' 625 

Equat ion (B-2) a l s o   y i e l d s   t h e   u n c o n s t r a i n e d   b a s e   r i n g   w e i g h t   c o r r e l a t i o n  

Equation  (B-5) i s  v a l i d   i f  t ,  obtained  f rom Eq.  (B-4) ,  i s  g r e a t e r  
t h a n   o r  equal t o   t h e  minimum gage tmin. On t h e   o t h e r   h a n d ,  i f  
2.20(p/E) *625 < h i n / q ,   t h e n  Eq. (B-2) i s  r e p l a c e d  by t h e   c o n s t r a i n t  
t = tmin, i n  which  case Eq. (B-1) g i v e s  

R / r b  = ,334  (prb/Etmin) .333 
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and t h e   r i n g   s e c t i o n   a r e a  is 

Equation (B-7) y ie lds   t he   cons t r a ined   base   r i ng   we igh t   co r re l a t ion  

I'J/7Tprb3 = 4.20 [ (p/E) ( tmin/rb) 2 I .333 (B-8) 

I n   p r a c t i c e ,  if on ly   t he   base   r i ng   we igh t  i s  des i r ed ,  it is no t   necessa ry   t o  
refer t o  Eg. (B-4) s ince   t he   l a rge r   o f  Eqs. (B-4) and (B-8) always  applies.  

Sandwich Shel l  

The sandwich s h e l l   r e s u l t s   p r e s e n t e d   i n   T a b l e  I a r e   c o r r e l a t e d   w i t h  
Eq . (2) . The cons t an t s  ')' and K were determined so t h a t  Eq. (2) f i t s  t h e  
six da ta   po in t s  of Table I wi th  minimum squa re   e r ro r .  The r e s u l t  i s  
7' = 5.35 and K = 4.10, which f i t  the   da ta   wi th  a maximum e r r o r  of 11 percent.$; 
For shel ls   unconstrained by minimum gage,   the   design  condi t ion of equal  
core  and face  sheet   weights   gives  

S u b s t i t u t i n g  Eq.  (B-9) and the  above  values  of Y and K i n t o  E q .  (2) and 
solving  (approximately)   for  t gives 

C 

tc/rb = .542 x ( l  - 1.20 x o 5 )  (B- 10) 

x = [ (p/E.r) (1 - r a / r b ) ] e 4 ( 1  + r a / rb )06  

From Eq.  (B-9) one obtains   the  unconstrained  shel l   weight   correlat ion 

PJ/nprb3 = 4.62 .r[L - ( r a / rb )2 ] t c / rb  (B-11) 

Equations (B-10) and (B-11) a r e   v a l i d   i f  tf, from Eq. (B-9), i s  g r e a t e r  
t han   o r   equa l   t o   t he  minimum gage tfmiri. Otherwise, Eq. (B-9) i s  rep laced  
by the   cons t r a in t  tf = tfmin. In  t h i s  case  E q .  (2) gives  approximately 

= .361 y ( 1  - 1.64 37.') (B- 12) tc/rb 

The cons t ra ined   she l l   weight  i s  then  given by 

W/nprb3 = 2.31 [l - (r , /rb)2]  (ctc/rb + tf /rb) (B-13) 
min 

$;In o r d e r   t o   a l l o w   t h e   b e s t   p o s s i b l e   f i t  of E q .  (2)   to   the  computer   resul ts ,  
bo th   cons tan ts  Y and K were  allowed  to  vary  from  their  theoretical  values 
(See  p.  11). 
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Case r,, ( in .  1 

57 

57 

57 

114 

114  

114 

P/E X l o7  

2.00(8) 

9.88  (6) 

50.33  (5) 

2.00(7) 

10.03 (5) 

49.57 (5) 

TABLE I 

SANDWICE CONE DESIGNS 

2.87 

3.67 

6 . 1 3  

1.70 

2.72 

5.65 

She 

i f ( in . )  

0.016 

.016 

.016 

.016 

.017 

.027 

.1 

t,(in.> 

0.135 

.379 

.869 

.449 

1.124 

1.827 

Bas 

R(in.) 

1.35 

2.25 

3.21 

3.40 

5.18 

6.52 

Ring 

t ( i n . )  

0.032 

,032 

,060 

.032 

.045 

.120 

. 
! 



. w  
W 

Case 

1 

2 

3 

4a 

5a 

6 

r b ( i n . )  

57 

57 

57 

114 

114 

114 

TABLE I1 

RING-STIFFENED CONE DESIGNS 

2.27  (6) 

9.69(5) 

43.15  (4) 

1.86(6) 

9.28(5) 

43.15  (4) 

w / p r b 3  x 103 

2.85 

4.03 

7.83 

1.66 

3.11 

7.54 

: ( in .  ) 

3.022 

.025 

.038 

.026 

.034 

.076 

Shell 
No. 

Lnt. r i n g s  

18 

23 

16 

36 

35 

16 

1- 

Bar 

R(in.)  

1.48 

2.32 

3.69 

3.42 

5.20 

7.45 

Ring 

t ( in . )  

0.032 

.032 

.032 

.032 

.042 

.060 

a These  designs  utilize 30 (.5 x .75 x .1 x .010 in.)  full  length s t r i n g e r s .  



TABLE I11 

RING NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
1 3  
1 4  
15  
1 6  
17  
1 8  

RING LOCATIONS & DIMENSIONS 
RING STIFFENED CONE, CASE 1 

r /rb h/rb 

0 .4073   1 .754  x 

r 

.4673 

.5191 

.5652 

.6071 

.6457 

.6814 

.7148 

.7462 

.7760 

.8043 

.8315 

.8577 
, 8 8 3 1  
.9076 
,9312 
.9543 
.9766 

a /rb 

1 . 3 6 7  x 
1 . 5 3 9  
1 . 6 2 3  
1 . 6 9 0  
1 .733 
1 . 7 5 4  
1 . 7 5 4  
1 . 7 6 6  
1 . 7 4 8  
1 .727 
1 . 7 0 1  
1 . 6 7 4  
1 . 6 6 0  
1 . 6 1 4  
1.518 
1 .445 
1 .386 
1 .147 

A h b  

5 . 7 3 3  x 
5.352 
5.165 
5.017 
4.922 
4 .   8 7 3  
4 .874 
4.847 
4 .888 
4.935 
4 .993 
5 . 0 5 1  
5 .084 
5 . 1 8 4  
5 .398 
5 . 5 6 1  
5 . 6 9 2  
6 .222 

34 



‘6 i 

i’ 
i 

TABLE I V  

1 9  
20  
2 1  
22 
23 

RING  LOCATIONS 6 DIMENSIONS 
R I N G   S T I F F E N E D  CONE,  CASE 2 

r /rb 

0.3912 
.4401 
.4841 
,5238 
.5603 
,5940 
.6254 
.6550 
.6831 
.7097 
.7350 
.7592 
.7824 
.804 7 
.8262 
,8469 
.8669 
.8862 
.9048 
.9226 
,9399 
.9565 
.9724 

h / rb  

3.410 x 
3.658 
3 . 7 6 1  
3 .829 
3.867 
3 . 8 8 2  
3.889 
3 .944 
3 . 9 4 1  
3.916 
3.913 
3 .916 
3.915 
3 .910 
3.899 
3.882 
3.856 
3.816 
3 .748 
3 . 6 7 1  
3.623 
3.523 
3 .269 

/rb A/rb 

2.106 x 

2.107  4 .090 
3.527 2 . 3 6 0  
3.298  2 .463 
3.197 2 .509 
3.025  2 .586 
2 .871   2 .655  
2.786 2 .694 
2.734 2.717 
2.704 2.730 
2.689  2 .737 
2 .688  2 .738 
2 .698 2 . 7 3 3  
2.716 2.725 
2.730 2.719 
2.695 2 .734 
2.705 2 .730 
2 . 8 5 1  2.665 
2 .899  2 .643 
2.969 2 . 6 1 1  
3.094  2 .555 
3.285 2.469 
3.547 2 . 3 5 1  
4.093 x 
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TABLE V 

R I N G  NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
11 
1 2  
1 3  
1 4  
1 5  
1 6  

r /rb 

0 . 4 3 2 1  
.5036 
.5629 
.6 143 
.6595 
.7001 
.7370 
.7704 
.8002 
.8277 
.8535 
.87  78 
.go10 
.9229 
,9436 
.9627 

RING LOCATIONS & DIMENSIONS 
RING  STIFFENED  CONE,   CASE 3 

~ ~~ 

h/rb 

1.117 x 
1 . 1 0 8  
1 .107 
1.105 
1 . 0 8 8  
1.077 
1 .066 
1 . 0 6 2  
1 . 0 3 1  
1 . 0 1 0  

.990 

.972 

.953 

.930 

.goo 
,846 

. .. - 

..  . . . .  

. ~~ 

4.354 x 
4.662 
4.885 
5 . 0 5 3  
5 .077 
5 . 1 4 4  
5 . 1 7 6  
5 .106 
4 . 9 8 0  
4.916 
4.877 
4 .833 
4.766 
4 .659 
4.446 
4.027 

0 . 9 9 1  x 
.306 

0. 

v 
.075 
.313 
.788 

1.717 
- " ~~~ . "I. ~ . .\ 
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TABLE V I  

RING  LOCATIONS & DIMENSIONS 
R I N G   S T I F F E N D  CONE, CASE 4 

R I N G  NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

I: /Ib 

0.3723 
.4045 
.4327 
.4596 
.4856 
.5  107 
.5351 
.5589 
.5819 
.6037 
.6245 
.6444 
.6634 
.6818 
.6996 
.7168 
.7336 
.7499 
.7658 
.7812 
.7963 
.8110 
.8253 
.8393 
.8530 
.8664 
.8795 
.8923 
.9048 
.9171 
.9290 
.9407 
.9520 
.9629 
.9734 
.9835 

h/rb 

1.085 x 
1.216 
1.253 
1.294 
1.330 
1.357 
1.382 
1.404 
1.429 
1.444 
1.457 
1.467 
1.476 
1.482 
1.488 
1.490 
1.491 
1.491 
1.489 
1.484 
1.478 
1.470 
1.460 
1.447 
1.431 
1.414 
1.394 
1.371 
1.342 
1.307 
1.262 
1.205 
1.132 
1.037 
.910 
.877 

~ ~- 

1.019 x 
1.112 
1.170 
1.229 
1.282 
1.327 
1.370 
1.411 
1.434 
1.446 
1.456 
1.462 
1.466 
1.470 
1.476 
1.477 
1.476 
1.474 
1.469 
1.461 
I. 450 
1.438 
1.421 
1.403 
1.384 
1.362 
1.337 
1.307 
1.271 
1.226 
1.171 
1.101 
1.015 
.go9 
.774 
.578 

. _" 

A/rb 

2.121 x 
1.916 
1.787 
1.656 
1.536 
1.438 
1.341 
1.251 
1.199 
1.172 
1.151 
1.138 
1.129 
1.119 
1.106 
1.103 
1.105 
1.111 
1.121 
1.140 
1.163 
1.191 
1.227 
1.268 
1.311 
1.360 
1.416 
1.482 
1.562 
1.661 
1.785 
1.939 
2.130 
2.367 
2.667 
3.103 
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TABLE VI1 

RING NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 

r/rb 

0.3805 
.4217 
.4549 
.4856 
.5143 
.5414 
,5671 
.5915 
.6 149 
.6372 
.6585 
,6790 
.6982 
.7164 
.7336 
.7503 
,7666 
.7825 
.7981 
.8132 
.8279 
.8423 
.8562 
.8698 
,8830 
.8959 
.9084 
.9206 
.9323 
.9436 
.9544 
.9646 
.9742 
.9830 
.9908 

RING  LOCATIONS & DIMENSIONS 
RING  STIFFENED  CONE, CASE 5 

3.404 x 
3.722 
3.688 
3.745 
3.795 
3.821 
3.856 
3.889 
3.894 
3.900 
3.899 
3.916 
3.915 
3.907 
3.895 
3.863 
3.837 
3.819 
3.796 
3.763 
3.728 
3.689 
3.648 
3.605 
3.559 
3.509 
3.454 
3.385 
3.298 
3.184 
3.034 
2.835 
2.575 
2.282 
1.932 

- ~ . 

2 lrb 

1.793 x 
1.969 
2.031 
2.116 
2.189 
2.240 
2.299 
2.353 
2.383 
2.413 
2.435 
2.447 
2.443 
2.436 
2.434 
2.444 
2.452 
2.463 
2.463 
2.454 
2.442 
2.425 
2.405 
2.382 
2.355 
2.322 
2.278 
2.219 
2.139 
2.031 
1.886 
1.701 
1.464 
1.174 
.898 

- ~~ 

0.786 x lom3 
.396 
,258 
.070 

0. 

1 
.020 
.259 
.580 
.756 

1.133 
1.778 
2.390 

38 



SANDWICH SHELLS 

RING-STIFFENED SHELLS 

DETAIL A, WALL SECTIONS 

1 . 7 5  

0 . 0 7 0  

'b 

5 7  

__ 

1 1 4  

p/E x LO7 t 
cy1  tfe 

2 

.090 .119 5 0  

.os0 .O?O 10 

0 . 0 5 0  0.050 

2 . 0 5 2  . 0 5 0  

10 .088 

. 1 2 7  .150 5 0  

.05? 

SANDWICH SHELLS 

7 =b 

L 

i 

'b 

57 

~ 

1 1 4  

- ~ ~" 

0.040 

0.060 

. 1 2 5  

5 0   . 1 2 5  

0 . 1 7 5  

0.250 

RING-STIFFENED SHELLS 

DETAIL B, NOSE RINGS 

FIGURE 1. SHELL CONFIGuRATfONS TREATED 
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BASE RADIUS, 
PRESSURE DISTRIB. 
AND DESIGN LOAD 
FACTOR (Ad) 

"""0 

( B) ( A) + 

3 
B 

COMPUTE PREBUCIUING  OBTAIN  TRIAL  CHOOSE  BUCKLING  CHOOSE  BUCKLING 
STATE  (USE  ACTUAL  AEROSHELL MODE SHAPE (w) CORRELATION 
PRESSURE  DISTRIBUTION) 

0 

I FOR  OPTIMUM 
m DESIGN PROGRAM 
h) I d  

t 
A 

I 
I 

I I 
I 

"""""- I I 

S T A B I L I T Y  FOR 
ADJUST  PRESSURE 

A 
0 RINGS AND BAYS 

I 

""""- 
cl 

w ( E )  ( F) 
I 1 

COMPUTE C R I T I C A L  

FACTOR (A,) FOR 
N = N , > 2  

WEIGHT (W/pri) 

COMPARE S I Z E  BASE  RING COMPUTE 
BUCKLING.  LOAD SO THAT b STRUCTURAL 

- 
+N = 2) - A, 



FIGURE 3 .  SCHEMATIC  SOLUTION FOR 0 P T I " M  RING S I Z E  A N E  SPACING  (NEGLECTING 
CONSTRAINTS), h f / d  I S  MINIMIZED AT COMMON INTERSECTION 
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FIGURE 5. PREBUCKLING STRESS RESULTANTS AND ROTATION 
SANDWICH CONE ( p / ~  = 9.88~:10-7, rb = 57 IN.) 
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FIGURE 6. PREBUCKLING STRESS RESULTANTS AND ROTATION 
SANDWICH  CONE (p/E = 50.33 X lo”, rb = 57 IN.) 
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FIGURE 7 .  PREBUCKLING STRESS RESULTANTS AND ROTATION 
SANDWICH CONE ( P / E  = 2.00 x 10-7, r b =  114 I N . )  
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FIGURE 8. PREBUCKLING STRESS RESULTANTS  AND  ROTATION 
SANDWICH CONE  (p/E = 10.03~ lo”, r = 114 IN.) 

b 
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I '0.. 00 0'.  20 0'. 8 0 l"O0 
HER IO I ONFIL 0 ISTFINCE, s/rb 

FIGURE 9. PREBUCKLING STRESS RESULTANTS ND ROTATION 
SANDWICH CONE (P/E = 4 9 . 5 7 ~ 1 0 -  ' = 114 IN.) ' rb 
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FIGURE 10. BUCKLING MODE DISPLACEMENTS -7 
SANDWICH CONE (p/E 2.00~10 8 rb = 57 I N - )  N 8 
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FIGURE 12. BUCKLING MODE DISPLACEMENTS 
SANDWICH CONE (Q/E = 50 .33x10-7, r,, = 57 IN.) N = 5 
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F I G U R E  13. BUCKLING MODE DISPLACEMENTS -, 
SANDWICH CONE ( p / ~  = 2.00~10 , rb = 114 IN.) N = 7 
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SANDWICH  CONE (p /E = 10.03~10" , rb = 114 IN.) N = 5 
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FIGURE 15. BUCKLING MODE DISPLACEMENTS 
SANDWICH CONE (p / E  = 49.57~10-~, rb = 114 IN*) N = 5 
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FIGURE 16. PREBUCKLING STRESS RESULTANTS AND ROTATION 
RING-STIFFENED CONE (p/E = 2.27xlO”, rb = 57 IN.) 
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FIGURE 17. PREBUCKLING  STRESS  RESULTANTS AND R TATION 
RlNG-STIFFENED  CONE  (p/E = 9.69~10- 9 , rb - 57 IN.) 
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'0'. 00 0'. 28 0.. 48  0.60 

HER IO I ONRL 0 I STRNCE, s/rh 
FIGURE 18. PREBUCKLING  STRESS RESULTAKTS AND ROTATION 

RING-STIFFENED CONE (PIE E 4 3 .  ~ ~ x I O - ~ ,  rb 2 57 IN.) 
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FIGURE 19. PREBUCKLING STRESS RESULTANTS AND R ATION 
RING-STIFFENED CONE (p/E = 1.86X10-’, r b = 114 IN.) 
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FIGURE 21. BUCKLING MODE DISPLACEMENTS 
RING-STIFFENED CONE ( p / E  - 2 . 2 7 ~ 1 0 - ~  , rb = 57 IN.) N . =  6 
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FIGURE 23. BUCKLING MODE DISPLACEMENTS 
RING-STIFFENED CONE ( p / E  = 43.15~10-~, rb 2 57 IN.) N = 4 
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MER IO I ONRL 0 I STRNCE , s/rb 
'0'. 0 0 0'. 2 0 0'. 4 0 0'. 60 0'. I O  1'. 00 1'. 20 

FIGURE 2 5 .  BUCKLING MODE DISPLACEMENTS 
RING-STIFFENED CONE (p/E = 9.28~10-~.r~ = 114 IN.) PJ 5 
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FIGURE 26. OPTIMIZED  WEIGHT vs. BUCKLIHG  PRESSURE 
SANDWICH  CONES  (EXCLUDING  ADHESIVE  WEIGHT 
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FIGURE 27. OPTIMIZED  WEIGHT vs. BUCKLING  PRESSURE 
RING-STIFFENED  CONES  (INCLUDING  RIVET  WEIGHT) 
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FIGURE 28. COMPARISION OF SANDWICH CONE WE1 
WITH RING-STIFFENED CONE WEIGHT 
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